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Intelligent and adaptive systems using soft computing techniques have attracted increasing attentions 
in recent years. These systems are usually more robust than traditional systems based on formal logics. 
They are capable of adapting to an unknown environment without explicitly modelling the environment. 
They can be applied to a wide range of practical problems. This special issue focuses on the design and 
development of effective intelligent and adaptive systems using evolutionary algorithms, artificial neural 
networks and fuzzy logic. It covers a number of important theoretical and practical topics, which will 
be of interest to anyone who is interested in various algorithms and methods for designing intelligent 
systems. 

Go-evolutionary learning has been investigated by several researchers [1, 2] in recent years. It has 
been shown to be very effective in game-playing strategy learning. Blair and Pollack [3] studied the 
critical role that the environment plays in eo-evolutionary learning. They used the game of backgammon 
as their domain and investigated various aspects which appeard to facilitate eo-evolutionary learning 
in this game. 

As the size and complexity of problems increase, designing a monolithic learning system to deal 
with them becomes increasingly difficult and impractical. One way to get around this is to adopt the 
divide-and-conquer strategy. Rather than trying to develop a large and complex monolithic learning 
system, an integrated system consisting of several simple subsystems can be developed. Each subsystem 
deals with a different part ofthe large and complex problem. This is the approach taken by Liu and Yao 
[4] in their design of neural network ensembles. In their approach, several simple neural networks are 
learned simultaneously. They used negative correlation to encourage specialisation of different neural 
networks to differeut parts of a large problem, so that the integrated system is capable of solving the 
whole problem. Since individual neural networks do not need to learn to solve the whole problem, they 
are easy and fast to train. 

Constraints can be very difficult to handle for some evolutionary optimisation algorithms. Hinterding 
and Michalewicz [5] investigated possible ways in which parent matching might be used to accelerate 
constrained optimisation. They explored different methods for making more information available to 
the fitness evaluation function and thus encouraging constraint satisfaction. Only constrained numerical 
optimisation is considered in their paer. 

Handa et al. [6] proposed an interesting two-population eo-evolutionary search method in this special 
issue. The method uses two genetic algorithms eo-evolving at two different levels. The lower level genetic 
algorithm is used for finding a near optimal solution in a search space, just like any other evolutionary 
search algorithm. The upper level genetic algorithm searches for and stores useful genetic information 
and schemata, which can then be used to direct the search of the lower level genetic algorithm. The idea 
of the upper level genetic algorithm is somewhat similar to that of the culture algorithm [7]. Different 
genetic operators for information exchange between two eo-evolving populations are discussed in Handa 
et al.'s paper [6], which uses graph coloring problems in their experimental studies. 

One of biggest advantages of evolutionary algorithms is their versatility. They can be adapted and 
applied to a wide of range of problems. Ciesielski and Scerri [8] showed one such application. They 
applied a genetic algorithm to the real-time scheduling of aircraft landing times. They were able to 
obtained high quality solutions in the time window between aircraft landings on the busiest day of the 
Sydney airport. 
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Chromosome representation (encoding) is a critical issue in genetic algorithms. A good representa-
tion should contain many "building blocks" that can be explored by crossover. Genetic algorithms rely 
heavily on crossover. However, crossover only works when there are building blocks. Tsujimura et al. 
[9] compared three different encoding schemes for open shop scheduling by carrying out some experi-
ments. It is worth pointing out that the conclusion from any comparative experimental studies should 
be interpreted in the environment the experiments were conducted. For example, a good algorithm 
with crossover rate 0.8 might be quite poor with crossover rate 0.4. 

Evolutionary algorithms have been used to tackle many combinatorial problems. Li and Gen [10] 
showed one such example where they applied a genetic algorithm to the bicriteria transportation problem 
with fuzzy coefficients. Numerical results were presented in their paper to evaluate the effectiveness 
and efficiency of their genetic algorithm. 

Multi agent systems and evolutionary algorithms are closely related to each other since each indi-
vidual in an evolving population can be regarded as an agent. The local interaction among agents may 
lead to some interesting global behaviours. Namatame [11] studied collective behaviors and evolution 
in a group pf rational agents from the point of view of knowledge transactions among agents. It was 
shown that interesting collective behaviours can emerge from very simple local interactions. 

Optimal control problems have been studied by control engineers for many years. Various models 
and algorithms for solving those models have been proposed and proven to be effective. However, there 
are some real-world control problems for which a good model is very difficult to build. Classical algo-
rithms are less effective in dealing with these nonlinear and complex problem. Evolutionary algorithms 
have been applied to these hard-to-model problems [12]. Smith and Stonier [13] considered a class of 
constrained continuous optimal control problems. Several new operators for evolutionary algorithms 
in dealing with optimal control problems were proposed and tested by experiments. The experimental 
results have shown that these new operators are quite effective and efficient for solving some optimal 
control problems. 

Evolutionary algorithms have often been used to search for a near optimal learning system due 
to its global search capability and no assumption on the differentiability and continuity of the fitness 
evaluation function. The learning system may be a neural network [14], a rule-based system [15, 
16], a decision tree [17], or a fuzzy logic system [18]. Wu and Yu [19] proposed and evaluated a 
new evolutionary programming based approach to fuzzy logic system design. Both the structure and 
parameters were evolved using an evolutionary programming algorithm. 

Path planning is an important task in robotics. Many algorithms have been proposed for this 
task, including an evolutionary approach [20]. The typical path planning problem considers finding the 
shortest path to the goal while avoiding obstacles on a 2-d plane. Leeming and Yao [21] considered a 
related but different problem, i.e., finding a smoothest and shortest path on a 3-d rough terrain without 
obstacles. A genetic algorithm with new crossover and mutation operators was found to be quite robust 
and effective in finding a near optimal path on a number of 3-d rough terrains. 

The papers included in this special issue were first presented at the Australia-Japan Joint Workshop 
on Intelligent and Evolutionary Systems held in Canberra, Australia, on 21-22 November 1997. (See 
URL: http: I /www. cs. adfa. oz. au/""xin/conference_cfps/aj_ec_wkshp.html.) The papers were se-
lected from those included in the workshop proceedings. All the papers have been reviewed and revised. 
Copies of workshop proceedings that contains all the paper presented at the workshop, can be obtained 
free of charge by em ailing xin<Dcs. ad fa. oz. au. 

Finally, I would like to thank Professor Yianni Attikiouzel for his support to this special issue. I 
would also like to thank Dr Bob McKay, Miss Alison McMaster, Professor Charles Newton, and other 
members of the ADFA Computational Intelligence Group for their generous support to the workshop. 

Xin Yao 
Guest Editor 
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Abstract 

There is growing evidence to suggest that the success of a eo-evolutionary 
learning system may depend critically on the nature of the environment in which 
the learner is placed, and on certain attributes of the task domain, rather than 
the details of the particular learning algorithm employed. We discuss how a 
learning system can be modeled as a meta-level game between abstract entities 
which we call performer, infiltrator and evaluator. Learning can sometimes 
fail due to collusive suboptimal equilibria in this meta-game of learning. But 
some domains have special attributes which seem to prevent such collusions 
and thereby facilitate eo-evolutionary advancement. A better understanding of 
these issues may help to improve the design of eo-evolutionary learning systems 
in the future. 

1. Introduction 

The success of a machine learning system depends very much on the learning en-
vironment in which it is placed. After it has extracted all the accessible information 
from its original environment, it may need to be put into a new, more challenging, 
environment in order to progress. 'Curricular' or 'staged' learning occurs when a 
learner is placed into a pre-designed series of environments one after the other, as 
it progresses (Langley, 1995). However, designing an appropriate series of environ-
ments may be very difficult. This difficulty would be avoided if there were some way 
for the learner and its environment to eo-evolve with each other, so that the one 
would always be appropriate for the other. 

Strategic games provide a good opportunity to study this kind of eo-evolutionary 
learning. In theory, several machine learning systems trying to master a competitive 
game could all learn to improve their strategies simultaneously by playing each other 
and observing the outcomes- as each one improved, it would provide a slightly more 
challenging opponent for the others, fuelling a continuing spiral of advancement. 

While this idea has been around since the early days of artificial intelligence 
(Samuel, 1959, Michie, 1961) most applications of it- for example, to chess, go, tic-
tac-toe and other games- have run into serious difficulties. In order to understand 
these difficulties, we note that a learning system can, in general, be modeled as a 
meta-level game which we call the meta-game of learning or MGL (Pollack & Blair, 
1998) and to which we can apply a game theory analysis. In some cases, learning may 
be stifled due to various kinds of collusion, which show up as suboptimal equilibria 
in this MGL, and indeed many of the problems encountered by eo-evolutionary 
learners can be put down to collusions of this kind. One example is where the 
players repeatedly draw each other; another is a narrowing of scope in which they 
keep playing the same kinds of games over and over, only exploring some narrow 
portion of the strategy space, and missing out on key regions where they would then 
be vulnerable to humans or other players. 
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However, there have been a few notable cases in which these problems have 
apparently been avoided. One such instance came to light when Gerald Tesauro 
(1992) compared two different methods for training neural networks to play the 
game of backgammon. The first network was trained on a large database of hand-
crafted positions, with corresponding moves chosen by a human expert; the second 
network was trained by having it play against itself thousands of times and using 
the outcome of each game to make a small adjustment in· its strategy according to 
the temporal difference or TD-learning algorithm (Sutton, 1988). Surprisingly, the 
network that was trained by self-play, though it initially played a poor (essentially 
random) game, eventually surpassed the network trained on the expert database, 
and a later version called TD-Gammon (incorporating some additional hand-crafted 
features) achieved world master level play (Tesauro, 1995). While the success of TD-
Gammon was originally attributed to the strength of the TD-learning algorithm, we 
have shown in previous work (Pollack & Blair, 1998) that results similar to (Tesauro, 
1992) can be achieved using a simple hill-climbing algorithm in place of TD-learning. 
This 'HC-Gammon' result - along with the fact that TD-learning has not led to 
similar impressive breakthroughs in other, comparable, domains - suggests that a 
large measure of TD-Gammon's success might be attributed to the nature of the eo-
evolutionary learning framework , and to certain features of the backgammon domain 
itself which work to prevent collusion in the MGL. A better understanding of these 
issues may help to improve the design of eo-evolutionary systems in the future. 

In the present work, we provide a more detailed explanation of the MGL frame-
work with respect to both evolutionary and eo-evolutionary learning (Section 2). We 
then briefly review the HC-Gammon results (Section 3) and discuss how backgam-
mon and other domains can be analysed within the MGL framework (Section 4) . 

2. Meta-Game of Learning 

2.1 MGL Framework and Collusion. The familiar problem of premature con-
vergence in machine learning or evolutionary algorithms can be looked at from a 
game theoretic perspective. The most obvious way for a candidate solution in a 
machine learning environment to increase its chance of survival is by improving its 
ability to perform the requisite task, i.e. raising its own fitness. But this is not 
the only way to survive. Another way is to pass on to other candidate solutions 
certain attributes which will restrict their ability to perform the task. This could 
be achieved in a genetic algorithm by passing on strategic genes to other members 
of the population, or in a hill-climbing or gradient-descent algorithm by guiding the 
search into a region of the space where a local optimum is located. Although it may 
seem paradoxical, in some cases considerable advantage can be gained by infiltrating 
others in this way, especially if the population is small or the effective dimensionality 
low. We can anthropomorphise these competing influences and think of the learning 
process as an interaction between a performer, which looks for opportunities to im-
prove performance on the task, and an infiltrator, which looks for opportunities to 
restrict the performance of other candidate solutions. The infiltrator and performer 
interact with each other in a kind of meta-level game which we call the MGL. 

In general, we hope that the performer and infiltrator will be working against 
each other and that the performer will have the upper hand. However, certain fea-
tures of the task domain or training environment may introduce Nash equilibria into 
the MGL which allow the performer and infiltrator to collude with each other and 
drag the system into a suboptimal solution. Suppose the state space can somehow 
be partitioned into two subspaces X and Y - for example, X could denote the set 
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of positions associated with a particular style of game, or those which follow a cer-
tain decisive move or sequence of moves. Then one strategy for the infiltrator in 
the MGL might be to move into the X region whenever possible. We will call this 
strategy choose(X). An alternative strategy would be choose(Y), and other strate-
gies may exist which sometimes move into X, sometimes into Y. One strategy for 
the performer would be to specialize in X by introducing attributes which enhance 
performance in the X region (possibly to the detriment of the Y region). We will 
call this strategy specialize (X). An alternative strategy would be specialize (Y), and 
other strategies may exist which don't particularly specialize in either X or Y. 

performer: specialize(X) 

l 1 
infiltrator: choose(X) 

Figure 1. Positive feedback between choose(X) and specialize(X) creates an 
opportunity for collusion in the MGL between the infiltrator and performer. 

Now suppose that the performer follows the strategy specialize(X) while the 
infiltrator follows the strategy choose (X). Then the performer helps the infiltrator by 
creating a selective advantage for choosing X (see Figure 1) and the infiltrator helps 
the performer by spreading its influence to other candidate solutions and ensuring 
that they will also move into the X region whenever possible, thus narrowing the 
scope of the search and providing the performer with an ideal arena in which to 
showcase its own strengths: This collusion between the infiltrator and performer 
may force the algorithm to converge prematurely on a suboptimal solution (assuming 
fitter solutions are possible which move freely between X and Y). 
2.2 eo-evolutionary MGL. From this game theoretic perspective, techniques to 
combat premature convergence such as fitness sharing, hall offame, shared sampling, 
etc. (Rosin & Belew, 1997) can be seen as attempts to remove opportunities for 
collusion between the infiltrator and performer by changing the structure of the 
MGL. One such method is eo-evolutionary learning, in which two learning systems 
A and B competitively learn by acting as opponents for each other (Hillis, 1992). 

In addition to the performer and infiltrator roles, each system now plays a new 
role - namely, that of evaluator for candidate solutions of the other eo-evolving 
system.1 The evaluator role of the B system can work to prevent collusion in the 
A system, as illustrated in Figure 2. The infiltrator of A, by following the strat-
egy choose A (X), provides a selective advantage within the B system for the strategy 
specializes (X). But specializes (X) provides a selective disadvantage for choose A (X), 
thus creating a negative feedback loop which may remove the opportunity for collu-
sion between the infiltrator and performer of the A system. 

But eo-evolution is a two-edged sword. Although removing some opportunities 
for collusion, regrettably it can also create others. For example, suppose that both 
players participate in choosing between X and Y. Then a positive feedback loop can 
be established (Figure 3) from spe~,:ialize A (X) to choose A (X) to specializes (X) to 
chooses(X) and back to specialize A (X). Depending on the structure of the domain, 

1 The evaluator and performer correspond roughly to what were called the teacher and student 
in (Pollack & Blair, 1998) and (Sklar, Blair & Pollack, 1998) . 

Spring/Summer 1997 Australian Journal of Intelligent Information Processing Systems 



speciii A (X/. specialize8 (X) 
choose A (X) ; 

Figure 2. With eo-evolution, the new role of evaluator creates a negative 
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this positive feedback loop may be strong enough to override the negative influence 
from specialize8 (X) to choose A (X) and vice-versa, leading to a new kind of collusive 
suboptimal equilibrium in this eo-evolutionary MGL2 (see also Figure 6). 

choose A (X) ; ..... choosea (X) 

Figure 3. If both players participate in choosing X, a new positive feed-
back loop emerges connecting specialize A (X) choose A (X) specialize8 (X) and 
chooses(X). This can create a new opportunity for collusion in the MGL in-
volving the performer and evaluator roles of both the A and B learning systems. 

3. HC-Gammon 

In this section we briefly review the results of (Pollack & Blair, 1998) in which 
a hill-climbing algorithm was used to develop a neural network backgammon player 
(see Figure 4). A standard 2-layer feedforward neural network was set up in the 
same fashion as (Tesauro, 1992) with 4 input units to represent the number of each 
player's pieces on each of the 24 points, plus 2 inputs each to indicate how many are 
on the bar and off the board. In addition, one more unit was added which reports 
whether or not the game has reached the racing stage, making a total of 197 input 
units. These were fully connected to 20 hidden units, in turn connected to one 
output unit which judges the position. The game is played by generating all legal 
moves, converting the resulting board positions into the proper network input, and 
choosing the one judged as best by the network. We start with all weights set to 
zero. Our initial algorithm was simple hillclimbing: 
1. add gaussian noise3 to the weights of the network to create a mutant 
2. play the network against the mutant for a number of games 
3. if the mutant wins more than half of these games, select it for the next generation 
Surprisingly, this worked reasonably well. The networks so evolved improved rapidly 
at first, but then sank into mediocrity. The problem we perceived is that comparing 

2 In the case of learning through self-play (as in TD-Gammon) , A and B are consolidated and 
a new MGL emerges in which the roles of performer, infiltrator and evaluator interact in a more 
complex way. However, in the present work we will not make a distinction between eo-evolutionary 
learning and self-learning. 

3 with standard deviation of 0.05 
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Figure 4. Backgammon is a board game which has been popular in the Middle 
East and in Europe for more than 2000 years. Two players take turns throwing 
dice and moving pieces around a board comprising 24 locations or points. Once 
a player has moved all their pieces to the last 6 of these points, they can begin 
moving them off the board. The first player to move all their pieces off the 
board is the winner. It is forbidden to move a piece to a point already occupied 
by two or more opponent pieces, but it is okay to move to a point occupied 
by only one opponent piece, in which case that piece will be placed on a strip 
in the center of the board (called the bar) and will have to start again from 
the beginning. The two players move their pieces in opposite directions. When 
all of one player's pieces have passed all of the other player's pieces, and there 
are no more opportunities to put opponent pieces on the bar, we say that the 
contact stage of the game has ended and the racing stage has begun. 

two close backgammon players is like tossing a biased coin repeatedly: it may take 
dozens or even hundreds of games to find out for sure which one is better. Replacing 
a well-tested champion is dangerous without enough information to prove that the 
challenger is really a better player and not just a lucky novice. Rather than burden 
the system with so much computation, we instead introduced the following modifi-
cations to the algorithm to avoid this 'Buster Douglas Effect'5 : Firstly, the games 
are played in pairs, with the order of play reversed and the same random seed used 
to generate the dice rolls for both games. This washes out some (though not all) of 
the unfairness due to the dice rolls when the two networks are very close. Secondly, 
when the challenger wins the contest, rather than just replacing the champion by 
the challenger, we instead make only a small adjustment in that direction: 

champion f- 0.95 * champion + 0.05 * challenger 

This idea, similar to the 'inertia' term in back-propagation (Rumelhart et al., 1986) 
was introduced on the assumption that small changes in weights would lead to small 
changes in decision-making by the evaluation function. So, by preserving most of 
the current champion's decisions, we would be less likely to have a catastrophic 
replacement of the champion by a lucky novice challenger. In the initial stages of 
evolution, two pairs of parallel games were played and the challenger was required 
to win 3 out of 4 of these games. 

5 Buster Douglas was world heavyweight boxing champion for nine months in 1990. 
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Figure 5(a). Algorithm without anneal-
ing. Percentage of wins (out of 200 games) 
of first 35,000 players against PUBEVAL. 

Figure 5(b). Annealed algorithm: Percen-
tage of wins against benchmark networks 
lk (upper}, lOk (middle) and lOOk (lower). 

Figure 5(a.) shows the first 35,000 generation players rated against a strong 
public-domain player called PUBEVAL, trained by Tesauro using human expert pref-
erences. There are three things to note: (1) the percentage of wins against PUBEVAL 
increases from 0% to about 33% by 20,000 generations, (2) the frequency of success-
ful challengers increases over time as the network improves, and (3) in some places 
(e.g. starting at 20,000) the performance against PUBEVAL begins to falter. The 
first fact shows that our simple self-playing hill-climber is capable of learning. The 
second fact is quite counter-intuitive - we expected that as the player improved, it 
would be harder to challenge it. This is true with respect to a uniform sampling of 
the 4000 dimensional weight space, but not true for a sampling in the neighbourhood/ 
of a given player: once the player is in a. good part of weight space, small changes 
in weights can lead to mostly similar strategies, ones which make mostly the same 
moves in the same situations. However, because of the few games we were using to 
determine relative fitness, this increased rate of change allows the system to drift, 
which may account for the subsequent degrading of performance. 

To counteract the drift , we decided to change the rules of engagement according 
to the following 'annealing schedule': after 10,000 generations, the number of games 
that the challenger is required to win was increased from 3 out of 4 to 5 out of 6; 
after 70,000 generations, it was further increased to 7 out of 8 (Note: the numbers 
10,000 and 70,000 were originally chosen on an ad hoc basis from observing the 
frequency of successful challenges in this run; in replication experiments, the number 
of games was increased every time the challenger success rate exceeded 15% when 
averaged over 1,000 generations). After 100,000 games, this 'annealed' hill-climbing 
algorithm led to a surprisingly strong player, capable of winning 40% of the games 
against PUBEVAL. 

In eo-evolutionary learning, it is always important to test later generation players 
against earlier ones in order to see whether progress is monotonic, or punctuated 
with cycles of dominance followed by invasion (Axelrod, 1984). To this end, players 
were sampled every 100 generations and tested against three 'benchmark' networks 
at generation 1,000, 10,000 and 100,000. Figure 5(b) shows the percentage of wins 
for the sampled players against the three benchmark networks. Note that the three 
curves cross the 50% line at 1, 10 and 100, respectively and show a noisy but nearly 
monotonic increase in player skill as the evolution proceeds. 
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4. Discussion 

These results show that the game of backgammon can be learned quite well 
with a eo-evolutionary approach - whether it be a sophisticated technique like TD-
Learning or a simple hillclimbing algorithm. We do not claim HC-Gammon to be as 
good as TD-Gammon, but it is surprisingly good considering the simplicity of the 
algorithm used - which strongly suggests that there is something special about the 
domain of backgammon which allows eo-evolutionary learning techniques to succeed. 
4.1 Common Features. TD-Learning has worked well on a number of other 
tasks including elevator control (Crites & Barto, 1996) and job shop scheduling 
(Zhang & Dietterich, 1996). In addition, eo-evolutionary learning techniques have 
been successfully applied in a variety of areas. One example is the Evolving Virtual 
Creatures (EVC) domain: in a simulated competitive game devised by Karl Sims 
(1995) two virtual creatures in a flat playing arena compete for control of a cube 
placed initially between them. In each round of competition, all creatures from one 
species play against the champion of the other species from the previous round. 
Over several generations, competing species were observed to leap-frog each other 
in evolutionary arms races, as they each discovered methods for reaching the cube, 
and then further evolved strategies to counter the opponent's behaviour. Some 
creatures pushed their opponent away from the cube, some moved the cube away 
from its initial location and then followed it, while others simply covered up the 
cube to block the opponent's access. 
We list here some of the features which these domains seem to have in common: 
Ergodicity: The backgammon and EVC domains are both ergodic in the sense that 
any position can be followed at a later time by any other position.6 

Continuity: The EVC domain makes use of a continuous state space with no dis-
crete edges or internal boundaries. The same is true for a number of other simulated 
physics domains to which eo-evolutionary learning techniques have been successfully 
applied (e.g. Miller & Cliff, 1994). 
Stochasticity: The moves in backgammon are governed by random dice rolls, which 
leads self-play into a much larger part of the search space than would otherwise be 
explored, as noted in (Tesauro, 1992). 
Broad Spectrum of Opportunity: In both of these domains each player appar-
ently has available to it, at any given time, a number of avenues for improvement. In 
backgammon, there are many aspects of the game which can be developed indepen-
dently (e.g. blocking, racing, back-game strategy, etc.) Virtual creatures, like their 
biological counterparts, can improve by developing a slightly longer arm, slightly 
better sensors, or becoming slightly faster, etc. This is in contrast to some other 
domains where learning can only proceed along a particular path (learn A, then B, 
then C, etc. in a pre-determined order). 
4.2 MGL Revisited. The kind of collusion described in Section 2 relies on the 
ability to partition the state space into two regions X and Y. We hypothesise that in 
some domains, certain features including those listed above somehow preclude this 
kind of collusion, by preventing the state space from being so neatly partitioned. In 
the EVC domain, for example, our evaluator and performer might in theory try to 
forge an agreement whereby the evaluator always keeps the cube in the left hand 

6 With the exception, in backgammon, of racing positions that occur in the last few moves of 
the game, and contact positions with some pieces off the board or out of play, which have only a 
marginal impact on the playing strategy. 
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side of the arena, or within a certain distance of its starting position, or below a 
certain speed, etc., while the performer develops special skills to handle situations 
with those particular properties. But in fact the performer is unlikely to comply 
with any such agreement because the continuity of the domain allows parameters 
such as maximum speed or distance to be adjusted gradually in small steps until 
they cover the entire beneficial range. Competence in the left hand side of the arena 
can be gradually expanded to include competence in the center of the arena and 
eventually competence in the whole arena, because there is no 'natural barrier' to 
halt its expansion. Furthermore, ergodicity and stochasticity will make it difficult 
for the evaluator to keep its part of the bargain. If any state can potentially be 
followed at a later time by any other state, the task of restricting players to a proper 
subset of the state space cannot be achieved with a single decisive move but instead 
requires ongoing vigilance on the part of the evaluator. 

Figure 6. Collusion in the MGL may be 
thought of as a kind of secret pact between 
the players to always play a particular style 
of game, or to play for a draw rather than a 
win or loss, or to take turns giving the other 
player an easy win by making an early se-
quence of suboptimal moves. 

Draws are impossible in backgammon so collusion by repeated draws is pre-
cluded. Some domains allow for a kind of collusion where each player takes turns 
giving the other player an easy win (Angeline, 1994) by making an early sequence 
of suboptimal moves. However the stochastidty of backgammon seems to make this 
unlikely because a position that appears to provide an easy win may in fact turn out 
to be a losing position depending on the outcome of subsequent dice rolls. What 
many observers find exciting about backgammon, and what helps a novice some-
times overcome an expert, is the number of situations where one dice roll, or an 
improbable sequence, can dramatically reverse which player is expected to win. 

In order to quantify this 'reversibility' effect, we collected some statistics from 
games played by HC-Gammon (lOOk) against itself. For each n between 0 and 120 
we collected 100 different games in which there was still contact at move n, and, for 
n > 6, 100 other games which had reached the racing stage by move n (but were 
still in progress). We then estimated the probability of winning from each of these 
100 positions by playing out 200 different dice-streams. Figure 7 shows the standard 
deviation of this probability (assuming a mean of 0.5) as a function of n, as well 
as the probability of a game still being in the contact or racing stage at move n. 
Figure 8 shows the distribution in the probability of winning, as a function of move 
number, symmetrized and smoothed out by convolution with a gaussian function. 

These data indicate that the probability of winning tends to hover near 50% in 
the early stages of the game, gradually moving out as play proceeds, but typically 
remaining within the range of about 15% to 85% as long as there is still contact, thus 
allowing a reasonable chance for a reversal. Our conjecture is that these dynamics 
facilitate the learning process by providing, in almost every situation, a nontrivial 
chance of winning and a non trivial chance of losing, therefore potential to learn from 
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Figure 7(a). Standard deviation in the 
probability of winning for contact posi-
tions (solid) and racing positions (dotted). 
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Figure 7(b). Probability of a game 
still being in the contact stage (solid) 
or racing stage (dotted) at move n. 
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Figure 8. Smoothed distributions of the probability of winning as a function 
of move number, for contact positions (left) and racing positions (right). 

the consequences of the current move. This is in deep contrast to many other domains 
in which early blunders could lead to a hopeless situation from which learning is 
virtually impossible because ~he reward has already become effectively unattainable. 

Many other reinforcement learning tasks also involve stochasticity of one kind 
or another (Zhang & Dietterich, 1996, Crites & Barto, 1996). Additionally, many 
attempts have been made to add randomness or force initial moves in deterministic 
games (Fogel, 1993, Epstein, 1994, Walker et al., 1994, Schraudolph et al., 1994). 
However the mere addition of randomness cannot be expected to make the problem 
tractable in all cases. The critical factor is whether it makes enough difference in 
the structure of the MGL to remove opportunities for collusion. 

5. Conclusion and Further Work 

While the traditional focus in machine learning has been on the learning algo-
rithms employed, the prevention of stagnation or premature convergence in evolu-
tionary algorithms has also been an active area of research. 

We believe much can also be learned by focusing on the nature of the environ-
ments and the tasks being learned. Indeed, certain domains appear to have special 
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attributes which facilitate eo-evolutionary advancement by preventing collusive sub-
optimal equilibria in the meta-game of learning. In ongoing work, we are trying to 
identify and study other domains with similar attributes, in the hope that a better 
understanding of these phenomena may lead to improved design of eo-evolutionary 
learning systems in general. 
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Abstract 
This paper presents a new cooperative ensemble learning system (CELS) for designing neural 

network ensembles. Unlike previous studies on designing ensembles, CELS attempts to train in-
dividual networks cooperatively and combine them in the same learning process. By introducing 
a novel correlation penalty term into the error function, all the individual networks are trained 
simultaneously in CELS. Rather than producing unbiased individual networks whose errors are 
uncorrelated, CELS tends to create biased individual networks whose errors are negatively corre-
lated. This paper introduces the idea of CELS, analyses the bias-variance-covariance trade-off, and 
presents some experimental results which show the effectiveness of CELS. 

1 Introduction 
One approach to improving neural network's generalisation is to use neural network ensembles [1, 2]. 
Both theoretical and experimental results [3, 4] have indicated that when individual networks in an 
ensemble are unbiased, average procedures are most effective in combining them when errors in the 
individual networks are negatively correlated and moderately effective when the errors are uncorrelated. 
There is little to be gained from average procedures when the errors are positively correlated. 

There are many ways of designing neural network ensembles. Most of them follow the two-stage 
design process (1]; first generating individual networks, and then combining them. Usually, the individ-
ual networks are trained independent of each other. The possible interaction among them cannot be 
exploited until the combination stage. There is no feedback from the combination stage to the individ-
ual design stage. It is possible that some of the independently designed individuals do not make much 
contribution to the whole ensemble. 

This paper proposes a new cooperative ensemble learning system (CELS) which simultaneously 
trains the individual networks in the ensemble through their interaction. It is basically a supervised 
training process, but adopts an unsupervised penalty term in the error function that self-organises 
individual networks and combines them in the same learning process. CELS will be analysed in terms 
of the bias-variance-covariance trade-off in this paper . 

CELS is different from previous work on designing neural network ensembles. First, it emphasises 
interaction and cooperation among individual networks in the ensemble, and uses an unsupervised 
penalty term in the error function to produce biased individual networks whose errors are negatively 
correlated. This approach is quite different from existing ones [4, 5, 6] which train the individual net-
works independently. Rosen [7] proposed an ensemble learning algorithm using decorrelated neural 
networks. The idea is that individual networks attempt to not only minimise the error between the 
target and their output, but also to decorrelate their errors from previously trained networks. However, 
Rosen's method trains the individual networks sequentially rather than simultaneously. The errors of 
the individual networks are not necessarily negatively correlated. The mixtures-of-experts (ME) archi-
tectures [8], which consist of two types of networks: a gating network and a number of expert networks , 
can produce biased expert networks whose estimates are negatively correlated. ME architectures are 

*This work is supported by the Australian Research Council through its small grant scheme. 
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modular architectures that combine aspects of competitive and associative learning. Both architectures 
and learning algorithms of ME are quite distinct from those of CELS. 

Second, CELS attempts to train and combine individual networks in the same learning process. 
That is, the goal of each individual training is to generate the best results of the whole ensemble. Such 
an approach is quite different from other ensemble approaches which separate individual design from 
average procedures. 

The rest of this paper is organised as follows: Section 2 briefly overviews the neural network learning 
and the bias-variance trade-off. Section 3 describes CELS and gives its motivations based on the bias-
variance-covariance trade-off. Section 4 presents the experimental results and discussions. Finally, 
Section 5 concludes with a summary of the paper and a few remarks. 

2 Neural Network Learning 
Suppose that we have a training set 

D = {(x(1), d(1)), · · ·, (x(N), d(N))} 

where x E RP, d is a scalar, and N is the size of the training set . The assumption that the output d is 
a scalar has been made merely to simplify exposition of ideas without loss of generality. 

The functional relationship between x and d can be expressed as 

d = g(x) + f (1) 

where g(x) is some function of vector x, and f. is a random expectational error that reflects the fact 
that simultaneous specification of a set of input vectors, {x(l), · · ·, x(N)}, does not uniquely specify an 
output value (unless f is a constant). The statistical model described by Eq.(l) is called a regressive 
model. In this model the function g(x) is defined by [9] 

g(x) = E[dlx] (2) 

where E is the statistical expectation operator. 
The exact functional relationship between x and d is usually unknown. The purpose of neural 

network learning is to use x to explain or predict d. It does so by encoding the empirical knowledge 
represented by the training set D into a set of synaptic weights, w. One criterion for optimising weights 
is the minimisation of the mean-square error 

(3) 

where F(x, w) is the actual response of the network. 
The error function J(w) may be expressed as the sum of two terms (10] 

(4) 

Note that the first term of Eq.(4) is independent of w. It is sufficient to minimise the second term. To 
be explicit about dependence on the training set D, the approximating function may be rewritten as 
F(x, D). Consider then the mean-squared error of the function F(x, D) as an estimator of the regression 
function g(x) = E[dlx], which is defined by 

Ev [CE[dlx]- F(x, D))
2

] 

where the expectation operator Ev represents the average over all the patterns in the training set D. 
Taking expectations with respect to the training set D, we can get the well-known separation of the 
mean-squared error (10, 11] 

Ev [CE[dlx]- F(x, D))2
] = (Ev[F(x, D)]- E[dlx])2 + Ev [CF(x, D)- Ev[F(x, D)])2

] (5) 

The first term of Eq.(5) is the square of the bias of>the approximating function F(x, D) measured 
with respect to the regression function g(x) = E(dlx], and the second term represents the variance of 
the approximating function F(x, D). 
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Accordingly, Eq.(5) states that the mean-square value of the estimation error between the regression 
function g(x) and approximating function F(x, D) consists of the sum of two terms: bias squared and 
variance. To achieve good performance, the bias and variance of the approximating function F(x, D) 
should both be small. In the case of a training set with finite size, although there can be neural networks 
with both small bias and variance, but usually there is a trade-off between the two. A practical way to 
deal with this problem is to use complexity regularization. The idea is to purposely introduce bias, which 
then makes it possible to eliminate the variance or reduce it significantly. The next section describes a 
new way to deal with the bias-variance dilemma. · 

3 Ensemble Network Learning 
3.1 Bias-Variance-Covariance Trade-off 
In this section we consider estimating g(x) = E(dlx] by forming a simple averaging of a set of F;(x, D) 
which are trained on the same training data set D 

(6) 

where M is the number of neural network estimators. Consequently, the expected mean-squared error 
of the combined system can be written in terms of individual network output (12, 8] 

ED [(E[dix]- F(x, D))2
] = (ED[F(x, D)]- E[dlx])2 

+ ED [~2 Eft, 1 (F;(x, D)- ED[F;(x, D)])2
] 

+ ED [~2 Ef; 1 Ej;t; (F;(x, D)- ED[F;(x, D)]) (Fj(x, D)- ED[Fj(x, D)])] (7) 

where the first term is the square of the bias of the combined system, the second and third term are 
the variance and covariance of the outputs of the individual networks, respectively. Similar to the bias-
variance trade-off for a single network, there is the bias-variance-covariance trade-off for neural network 
ensembles. 

While the variance in Eq.(7) can be seen to decay at ~, the covariance is finite unless the covariances 
between individual networks are very small. It has been found that the combining results are weakened 
if the errors of individual networks are positively correlated [3, 4]. Common approaches to dealing 
with this issue are to obtain unbiased estimators whose estimation errors are as weakly correlated as 
possible, e.g., cross-validation [13], bootstrapping (14], boosting [15], and injecting noise [16]. However, 
as argued by Sharkey [1], "any of these methods are best combined with an approach which emphasizes 
the testing and selection of ensemble members, for it cannot be assumed that adopting a particular 
approach ensures that error independence will be achieved." 

3.2 Simultaneous Learning of Negatively Correlated Neural Networks 
CELS introduces a correlation penalty term into the error function of each individual network so that 
the individual network can be trained simultaneously and interactively. The error function E1 for 
individual i in CELS is defined by 

E; 

(8) 

where N is the number of training patterns, E; ( n) is the value of the error of network i at presentation 
of the nth training pattern, F;(n) is the output of individual network i on the nth training pattern, 
and p; is a correlation penalty function. The purpose of minimising Pi is to negatively correlate each 
individual's error with errors for the rest of the ensemble. The parameter >. > 0 is used to adjust the 
strength of the penalty. The function p; can be chosen as 

p;(n) = (F;(n)- g(n)) Ej;ti (F;(n)- g(n)) (9) 
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where g(x) = E[dlx]. For the noise free data, i.e., g(n) = d(n), we have 

p;(n) = (F;(n)- d(n)) Ej# (Fj(n)- d(n)) (10) 

Unfortunately, the value of g is unknown for noisy data. In such cases, the function Pi caii be chosen as 

p;(n) = (F;(n)- F(n)) E#i (Fj(n)- F(n)) (11) 

where F( n) is the output of the combined system on the nth training pattern. For convenience's sake, 
the following discussion of CELS is for the noise free data. 

In CELS, the standard back-propagation (BP) algorithm with pattern-by-pattern updating [10] has 
been used for weight adjustments. The partial derivative of E; with respect to the output of individual 
i on nth training pattern is 

oE;(n) 
oF;(n) = F;(n)- d(n) + ..\E#;(F1(n)- d(n)) (12) 

Weight updating of all the individual networks is performed simultaneously using Eq.(12) after the 
presentation of each training case. Note that the correlation penalty term is very easy to implement 
since it requires only a small change in the independent training without the correlation penalty term. 
One complete presentation of the entire training set during the learning process is called an epoch. 

The sum of E;(n) over all i is 

E(n) E{'; 1E;(n) 

(~- ..\) E{';1 (d(n)- Fs(n))2 + ,\ (Ef,;1Fs(n)- Md(n))
2 

(13) 

From Eqs.(S), (10), (12) and (13), we may make the following observations: 

1. During the training process, all the individual networks interact with each other through their 
penalty terms in the error functions. 

2. For,\ = 0.0, there are no correlation penalty terms in the error functions of the individual networks, 
and the individual networks are just trained independently lJSing BP. That is, independent training 
using BP for the individual networks is a special case of CELS. 

3. For ,\ = ~' Eq.(13) can be re-written as 

1 ( M )2 E(n) = 2 E;=1F;(n)- Md(n) (14) 

The right term in Eq.(14), denoted by Eave, is the error function of the ensemble. From this 
point of view, CELS provides a novel way to decompose the learning task of the ensemble into a 
number of subtasks for each individual. 

4. For ,\ = 1, the following equality holds 

8Eave 
oF;(n) 

oE;(n) 
oF;(n) 

(15) 

The minimisation of the error function of the ensemble is achieved by minimising the error func-
tions of the individual networks. 

By adjusting the value of the strength parameter ..\, we can control the bias, variance, and covariance 
of the ensemble to achieve better performance. 

4 Bias-Variance-Covariance Estimation 
This section analyses CELS in terms of the bias-varisnce-covariance trade-off on a regression task in 
order to understand why and how CELS works. The regression function is 

(16) 
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where x = [x1 , ... , x5] is an input vector whose components lie between zero and one. The value of 
f(x) lies in the interval [-1, 1] . This regression task has been used by Jacobs [8] to estimate the bias 
of ME architectures and the variance and covariance of experts' weighted outputs. 

The ensemble architectures used in our experiments have 4, 8 and 12 individual networks. Each 
individual network is a multilayer perceptron with one hidden layer. All the individual networks have 
the same number of hidden nodes in an ensemble architecture. The hidden node function is defined by 
the logistic function 

1 cp(y)- --....,.....,... 
- 1 + exp (y) 

The network output is a linear combination of the outputs of the hidden nodes. 

(17) 

Twenty-five training sets were created at random. Each set consisted of 500 input-output patterns 
in which the components of the input vectors were independently sampled from a uniform distribution 
over the interval (0,1) . The target outputs were not corrupted by noise for Experiment 1, 2 and 3. In 
Experiment 4, the target outputs were created by adding noise sampled from a Gaussian distribution 
with a mean of zero and a variance of u2 to the function x. A testing set of 1024 input-output patterns 
was also generated. For this set, the components of the input vectors were independently sampled from 
a uniform distribution over the interval (0,1), and the target outputs were not corrupted by noise. The 
correlation penalty term given in Eq.(lO) was used in Experiment 1, 2 and 3. The correlation penalty 
term given in Eq.(ll) was used in Experiment 4. 

Twenty-five simulations of each ensemble architecture were conducted. In each simulation, the 
architecture was trained on a different training set from the same initial weights distributed inside a 
small range so that different simulations of an architecture yielded different performances solely due to 
the use of different training sets. Such experimental setup follows the suggestions from J acobs [8]. 

The average outputs of the ensemble system and the individual network i on pattern n from the 
testing set , denoted by F(n) and F;(n), are given by, respectively, 

(18) 

and 
(19) 

where F(k)(n) and F?)(n) are the outputs of the ensemble and the individual network i on the kth 
simulation, respectively, and /{ is the number of simulations. The integrated bias Ebia•, integrated 
variance Evar , and integrated covariance Ecov of the ensemble are defined by, respectively, 

(20) 

and 
(21) 

and 
_ M M 1 N 1 K 1 ( (k) - ) ( (k) - ) 

Ecov = :Ei=l:Ej=l,j;o!i N:En=l /{:Ek=l M 2 F; (n)- F;(n) Fj (n)- Fj(n) (22) 

We may also define the integrated mean-squared error (MSE) Em1 e as 

(23) 

It is clear that the following equality holds: 

(24) 

4.1 Experiment 1 
The first experiment is aimed to investigate the dependence of Ebia•, Evar, and Ecov on the strength 
parameter A. The architecture of the ensemble networks is composed of 8 individual networks. Each 
individual network has 5 hidden nodes. The learning-rate 71 in BP is 0.1. The results of CELS for the 
different values of). at epoch 2000 are given in Table 1 and Fig .l. The results suggest that Ebia• appears 
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>. Ebias Evar Ecov Evar + EcoiJ Emse 
0.0 1.31 X 10 - :i 1.51 X 10 . q 1.40 X 10 . q 2.91 X 10-4 1.60 X 10..=-:f 

0.25 4.64 X 10 -4 4.51 X 10 "4 -2.64 X 10 "4 1.88 X 10-4 6.53 X 10..::-J 
0.5 2.63 X 10 · 'I 1.00 X 10 -a -8.27 X 10 - '1 1.77 X 10 ::q 4.40 X 10-4 

0.75 2.09 X 10 -4 2.14 X 10 -a -1.97 X 10 -a 1.76 X 10 -4 3.85 X 10-=4 
0.9 1.66 X 10 "4 4.49 X 10 -a -4.31 X 10 - il 1.83 X 10-4 3.5o x w---.r 
1.0 1.83 X 10 -a 0.134295 -0.129785 4.51 X 10 -a 6.34 x w-3 

Table 1: The results of integrated bias, integrated variance, integrated covariance, and integrated mean-
squared error on the testing set in CELS for different >. values at epoch 2000. 

to decrease first and then increase with increasing value of>.. It was found that Ebias for >. ~ 0.9 seems 
to be the minimum value for different values of>.. However, when >. becomes too big, such as >. = 1.0, 
Ebias increases dramatically. In such cases the individual !earnings mainly minimise the correlation 
penalty terms in the error functions rather than the error of the ensemble. It seems that E 11 ar increases 
as the value of >. increases, and Ecov decreases as the value of >. increases. It is important to note the 
integrated covariance becomes negative during the training procedure. 

It is interesting that CELS controls not only the variance and covariance of the individual networks, 
but also the bias of the combined system. Compared with independent training using BP (i .e., >. = 0.0 
in CELS), although CELS creates larger variance, the sum of the variance and covariance in CELS is 
smaller because of the negative covariance. At the same time, CELS reduces the bias of the ensemble 
significantly. From Eq.24, the integrated MSE consists of the sum of three term: the integrated bias, 
variance and covariance. Therefore, CELS provides a control of bias, variance, and covariance through 
the choice of>. value to achieve good performance. For this regression task and the ensemble architecture 
used, it was observed that the bias-variance-covariance trade-off wa8 optimal for >. ~ 0.9 in the sense 
of minimising the MSE. 
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Figure 1: (a) The progress of integrated bias and integrated MSE on the testing set at epoch 2000 for 
different >. values. The vertical axis is the value of the integrated bias and integrated MSE and the 
horizontal axis is the value of >.. (b) The progress of integrated variance and integrated covariance on 
the testing set at epoch 2000 for different >. values. The vertical axis is the value of the integrated 
variance and integrated covariance and the horizontal axis is the value of >.. 

4.2 Experiment 2 
There are two aims of Experiment 2. The first is to investigate the dependence of Ebias, Evar, and Ecov 
on the individual network size. We used three different ensemble architectures, denoted by A5 , A10 , and 
A15 , which are composed of 8 individual networks. Each individual network has 5 1 10, and 15 hidden 
nodes, respectively. The second is to compare the corr~iations among the individual networks and the 
squared bias of the individual networks created by CELS and independent training, respectively. The 
learning-rate 'f/ is 0.1, and the strength parameter >. is 0.5. 
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A Ebia• Evar Ecov Evar + Ecov Em se 
As 1.31 X 10 "3 1.51 X 10-'• 1.40 X 10-" 2.91 X 10 · 'I 1.60 X 10 '3 

0.0 A10 4.98 X 10 ·'I 4.86 X 10 ·:> 5.31 X 10 ·:> 1.02 X 10 · 'I 6.00 X 10 · 'I 

Ats 4.15 X 10 . ., 3.15 X 10-o 5.58 X 10 . ., 8.73 X 10 ·b 5.03 X 10 · 'I 

As 2.63 X 10-'1 1.00 X 10 ·<1 -8.27 X 10 ·'I 1.77 X 10 · 'I 4.40 X 10 · 'I 

0.5 A10 2.36 X 10-" 3.90 X 10-" -2.91 X 10 . ., 9.90 X 10 · <> 3.35 X 10 . ., 
Ats 2.44 X 10 · 'I 4.67 X 10-q -3.56 X 10 . q 1.11 X 10 . q 3.54 X 10 . q 

Table 2: Comparison between CELS (A = 0.5) and independent training 0.e., A = 0.0 in CELS) for 
the different individual network sizes. The results of integrated bias, integrated variance, integrated 
covariance, and integrated MSE on the testing set are at epoch 2000. 

The results of CELS for As, A10, and A15 at epoch 2000 are given in Table 2. As expected, A10 and 
A1s, which have more computational resources, perform slightly better than A5 . It is worth pointing 
out that larger individual network size does not necessarily improve the performance of the ensemble 
system. The choice of individual network size is problem dependent. Interestingly, although the sum 
of the variance and covariance does not change much among As , A10, and Ats, their variance and 
covariance are quite different. 

A5 , A10 , and A15 were also independently trained using BP without the correlation penalty terms 
(i.e., A= 0.0 in CELS). The results are shown in Table 2. It is apparent that the architectures trained 
with the correlation penalty terms perform better in terms of the integrated MSE values. 

In order to observe the effect of the correlation penalty terms, Fig.2 shows the correlations among 
the individual networks in A10 trained with and without the correlation penalty terms, respectively. 
There are 28 correlations betweeq different individuals in Ato· For the simultaneous t'iaining with the 
correlation penalty terms, 21 correlations among them have negative values. The results suggest that 
the correlation penalty terms lead to negatively correlated individual networks. In contrast, for the 
independent training without the correlation penalty terms, all the correlations are positive. Because 
every individual network learns the same task in the independent training, the correlations among them 
are generally positive. In CELS, each individual network learns different parts or aspects of the training 
data so that the problem of correlated errors can be removed or alleviated. 
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Figure 2: (a) The correlations among the individual networks in A 10 using CELS (A= 0.5). (b) The 
correlations among the individual networks in A10 using independent training (i.e., A= 0.0 in CELS). 
A correlation is represented by a vertical bar with one end at zero and the other end point at the value 
of the represented correlation. Different bars correspond to correlations between different individuals. 

Fig.3 shows the squared bias of the individual networks in A10 using CELS and independent training. 
For the individual networks created by CELS, they are biased whose values are much larger than those 
of the individual networks created by independent training. Although the individual networks in CELS 
are biased, the ensemble is unbiased at the end of training. 
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Figure 3: (a) The squared biases of the individual networks in A10 using CELS (A = 0.5) . (b) The 
squared biases of the individual networks in A10 using independent training (i.e., A = 0.0 in CELS). The 
vertical axis is the value of the estimated bias of an individual network and different bars correspond 
to different individuals. 

A= 0.5 
Ebitu Evar Ecov Emu 

4 3.60 X 10 -'1 9.11 X 10 · 'I -6.85 X 10 · 'I 5.86 X 10-4 

8 2.63 X 10 · 'I 1.00 X 10 ' 3 -8.27 X 10- 4 4.40 X 10 - '1 

12 3.39 X 10-4 1.18 X 10- 3 -9.92 X 10-4 5.29 X 10-4 

A= 0.0 
EbitJ3 EvtJr Ecov Em3e 

4 1.34 X 10 . ;1 3.33 X 10 -4 8.99 X 10-o 1.76 X 10-3 

8 1.31 X 10-<1 1.51 X 10 -4 1.40 X 10- '1 1.60 X 10-3 

12 1.33 X 10 ·<1 1.30 X 10 ·4 1.83 X 10 - '! 1.64 X 10-3 

Table 3: Comparison between CELS (A = 0.5) and independent training (i.e., >. = 0.0 in CELS) for the 
different ensemble sizes. The values of integrated bias, integrated variance, integrated covariance, and 
integrated MSE on the testing set are at epoch 2000. 

4.3 Experiment 3 
The third experiment is aimed to investigate the dependence of EbitJ3, Evar, and Ecov on the ensemble 
size, i.e., the number of individual networks in the ensemble system. The ensemble architectures used 
in CELS are composed of 4, 8, and 12 individual networks, respectively. All individual networks have 
5 hidden nodes. The leal'ning-rate TJ and the strength parameter A are 0.1 and 0.5, respectively. The 
results of CELS for the different ensemble sizes at epoch 2000 are given in Table 3. It is evident that 
the architecture with 8 individual networks performs slightly better than the other two architectures. 
It was observed that Evar appeared to increase slightly as the ensemble size increases, and at the same 
time Ecov appeared to decrease slightly. Similar to varying the individual network size, varying the 
ensemble size does not change much the sum of variance and covariance. However, their variance and 
covariance are fairly different . 

The same architectures used in CELS were also independently trained using BP without the cor-
relation penalty terms. The results are showed in Table 3. It is clear from Table 3 that the ensemble 
architectures trained with the correlation penalty terms perform much better than the same architec-
tures trained without the correlation penalty terms in terms of the integrated MSE values. 

4.4 Experiment 4 
This experiment investigated the effects of adding the noise to the target function. Moderate noise 
(variance o-2 = 0.1) and large noise (variance o-2 = 0.2) conditions were studied. The architecture of the 
ensemble networks is composed of 8 individual networks. Each individual network has 5 hidden nodes. 
The learning-rate TJ in BP is 0.1. 
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>. Ebicu Evar Ecov Evar + Ecov Em&e 
0.0 0.00460 0.00175 0.00735 0.00910 0.01370 
0.25 0.00405 0.00200 0.00675 0.00875 0.01280 
0.5 0.00377 0.00265 0.00593 0.00859 0.01235 

Table 4: The results of the integrated bias, integrated variance, integrated covariance, and integrated 
MSE on the testing set in CELS for different >. values at epoch 2000 when the variance of the noise 
added to the target function was 0.1. 

>. Ebia& Evar Ecov Evar + Ecov Em&e 
0.0 0.00826 0.00310 0.01352 0.01662 0.02488 

0.25 0.00741 0.00353 0.01261 0.01614 0.02356 
0.5 0.00609 0.00479 0.01196 0.01675 0.02284 

Table 5: The results of the integrated bias, integrated variance, integrated covariance, and integrated 
MSE on the testing set in CELS for different >. values at epoch 2000 when the variance of the noise 
added to the target function was 0.2. 

Table 4 and Table 5 compared the performance of CELS when the strength parameter >. was set 
to 0.25 and 0.5 with that of independent training (i.e., >. ::: 0.0 in CELS) for the moderate noise case 
and the large noise case. Because of the different correlation penalty term used in this experiment, 
the integrated covariance did not become negative when the strength parameter was small (>.=0.25 
and 0.5). However, the bias of the ensemble and the covariance of the individual networks created by 
CELS tended to decrease in both moderate noise and large noise conditions. As demonstrated by the 
results, CELS outperformed independent training in terms of the integrated MSE values even though 
the integrated variance increased slightly in CELS. 

CELS's results were also better than those produced by ME architectures [8]. For the moderate 
noise case, the integrated MSE of ME architectures was about 0.018, while the integrated MSE of CELS 
was 0.012. The integrated MSE achieved by ME architectures was about 0.038 for the large noise case. 
This result is even worse than the integrated MSE generated by CELS. Table 6 summarises the above 
results. 

Method Emse 
u2 ::: 0.1 u2 = 0.2 

0.012 0.023 
0.018 0.038 

Table 6: Comparison between CELS and ME architectures [8] in terms of the integrated MSE on the 
testing set for the moderate noise case and the large noise case. 

5 Conclusions 
This paper describes a new approach to designing neural network ensembles. The proposed CELS 
can train and combine individual networks in the same learning process. The idea behind CELS is to 
introduce a correlation penalty term into the error function of each individual so that all the individual 
networks in the ensemble can be trained simultaneously and cooperatively. 

This paper has also analysed CELS in terms of the bias-variance-covariance trade-off. Unlike other 
ensemble approaches which try to create unbiased individual networks whose errors are uncorrelated, 
CELS can produce biased individual networks whose errors tend to be negatively correlated. Very 
competitive results have been produced by CELS in comparison with independent training and ME 
architectures[8]. 
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Future work on CELS includes applying it to real-world problems, studying better combination 
methods, and adjusting dynamically the strength parameter A, the individual network size and the 
ensemble size. 
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During the last years, several methods have been proposed for handling constraints by evolut.ion-
ary algorithms for parameter optimisation problems. These methods include those based on penalty 
functions, preserva tion of feasibility, decoders, repair algorithms, as well as some hybrid techniques. 
Most of these techniques have serious drawbacks (some of them may return infeasible solution, others 
require many additional parameters, etc). Moreover, none of these techniques has utilized knowledge 
on which constraints are satisfied, and which are not . In this paper we explore an evolutionary algo-
rithm for constrained parameter optimization problems which uses parent matching and constraint 
matching mechanisms. By making more information available to the evaluation function, and using 
preferences rather than penalties we are able to combine the good features of earlier techniques with 
parent and constraint matching. The results show that the these techniques give better results than 
relying on only constraint violations on selected test cases . 

1 Introduction 
The general nonlinear programming (NLP) problem is to find x so as to 

optimize f(x), x = (x1, . . . , xn) ERn, 

where x E F . :F is the set of feasible solutions and is defined by a set of m constraints (m 2: 0) : 

9j(x):::; 0, for j = 1, .. . , q, and hj(x) = 0, for j = q + 1, ... , m. 

The NLP problem, in general, is intractable: it is impossible to develop a deterministic method for the 
NLP in the global optimization category, which would be better than the exhaustive search. This makes 
a room for evolutionary algorithms, which aim at complex objective functions (e.g., non-differentiable 
or discontinuous). Consequently, during the last few years, evolutionary t echniques were extended by 
some constraint-handling methods. In a recent survey paper [15] various methods incorporated by these 
algorithms were grouped into four categories: (1) methods based on preserving feasibility of solutions, 
(2) methods based on penalty functions , (3) methods which make a.clear distinction between feasible and 
infeasible solutions, and ( 4) other hybrid methods . 

The first category requires the design of specialized operators (e.g., arithmetical crossover , non-uniform 
mutation [11 , 12], geometrical crossover [14], sphere crossover (23], etc). Clearly, to maintain feasibil-
ity of an individual , a specialized operator (which incorporates the knowledge about problem-specific 
constraints) should be used [22]. The methods based on penalty functions require many additional pa-
rameters, the major ones being the penalty coefficients themselves. Apart from static penalties [4], there 
were some experiments reported on the use of dynamic penalties [5, 10] and adaptive penalties [1, 25], 
where the search length and the feedback about constraint violation, respectively, was incorporated . 
The third category of methods emphasizes the distinction between feasible and infeasible solutions. For 
example, one particular method [24] (called a "behavioral memory" approach) considers the problem 
constraints in a sequence; a switch from one constraint to another is made upon arrival of a sufficient 
number of feasible individuals in the population. The final category includes methods which combine 
evolutionary computation techniques with deterministic procedures for numerical optimization problems 
[27 , 16]. In particular , the method by Myung et al. [16] divides the whole optimization process into two 

•also at the Institute of Computer Science, Polish A cad emy of Sciences, ul. Ordona 21, 01-237 Warsaw, Poland, 
zbyszek@ipipan.waw.pl. 
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separate phases. During the first phase, evolutionary algorithm optimizes a modified objective function, 
whereas during the second phase the optimization algorithm of Maa and Shanblatt [7] is applied to the 
best solution found during the first phase. 

In this paper we explore further an evolutionary algorithm {CONGA) with additional features [3], 
which are very appropriate for constrained parameter optimization problems. Some of these features are 
similar to those proposed in the past, but some other features are new. It seems that combination of all 
these features is responsible for very good performance of the new algorithm. 

The paper is organized as follows. The next section presents the general ideas which were incorporated 
in the construction of the CONGA system. Section 3 discusses the features of this system, and section 4 
reports experimental results. Section 5 concludes the paper. 

2 General ideas 
In evolutionary computation the main link between the algorithm and the problem is the evaluation 
function. This function influences the rating of individuals in the population: better individuals have 
better chances to survive and reproduce. However, in NLP the ranking of individuals is not straightfor-
ward: apart from optimizing the objective function f, the solution should satisfy a set of constraints. 
The main issue is: how should we compare two {infeasible) individuals, xl. and x2, if f(x!) < f(x2), 1 and 
x! satisfies two (out of m= 4) constraints, whereas x2 satisfies three constraints? Which of these two is 
better? Should we also take into account the amount of constraint violation? 

In most methods, which have been proposed and experimented with during the last few years, the 
evaluation function returns just a single numeric value which is used to compare individuals. The most 
popular approach is based on the concept of penalty functions, which penalize infeasible solutions, i.e., 
try to solve an unconstrained problem using the modified fitness function: 

eval(x) - { f(x), 
- f(x) + penalty(x), 

if x E :F 
otherwise, 

where penalty(x) is zero, if no violation occurs, and is positive, otherwise. Usually, the penalty function 
is based on the distance of a solution from the feasible region :F; in many methods a set of functions fj 
(I ::; j ::; m) is used to construct the penalty, where the function /j measures the violation of the j-th 
constraint in the following way: 

if 1 ::; j ::; q 
if q + 1 :S j :S m. 

There are many possible ways of constructing penalty functions. One particular approach was devel-
oped by Powell and Skolnick [18]: the method distinguishes between feasible and infeasible individuals by 
adopting an additional heuristic rule (suggested earlier by Richardson et al. [19]): any feasible solution is 
better than any infeasible one. Thus, infeasible individuals have increased penalties: their values cannot 
be better than the value of the worst feasible individual. 

Of course, we are not limited to a singleton numerical value. For example, some methods use of 
the values of objective function f and penalties fJ (j = 1, ... , m) as elements of an evaluation vector 
and apply multi-objective techniques to minimise all components of the vector. For example, Schaffer's 
[21] Vector Evaluated Genetic Algorithm (VEGA) selects 1/(m + 1) of the population based on each of 
the objectives. Such an approach was incorporated by Parmee and Purchase [17] in the development of 
techniques for constrained design spaces. On the other hand, in the approach by Surry et al. [26], all 
members of the population are ranked on the basis of constraint violation. Such rank r, together with 
the value of the objective function f, leads to the two-objective optimization problem. Chu and Beasley 
[2] also considered two-objective optimization problem; a vector of two values consisted of the value of 
the objective function and a measure of the "unfitness" of an individual. 

The approach used in CONGA is based on following observations: 

• As in the behavioural memory approach, the search should run in two phases: (1) the phase of 
searching for feasible solutions and (2) the optimization phase. In this respect, the approach is 
similar to that of [16], however, our phases have somewhat fuzzy boundaries. During the first phase 
of the search the values of objective function are ignored due to the fact that all individuals are 
infeasible (assuming, of course, that this is the case). Gradually, with larger and larger numbers of 

1 Let us assume here a minimisation problem. 
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feasible individuals in the population, the value of the objective function is of growing importance, 
and the second (optimization) phase of the search plays the major role (i.e., fine-local tuning of the 
best individuals). 

• The evaluation function should assist us in comparing two individuals. If both individuals are feasi-
ble, the value of the objective function, of course, should be taken into account. If both individuals 
are infeasible, the value of the objective function is meaningless (contrary to all approaches based 
on penalty functions). In such cases, information on constraint violation should be considered. 
Additionally, it is reasonable to assume that feasible individuals are always better than infeasible 
ones ( a.c; in [18]) . 

• The evaluation function can also assist us in other ways. In particular, it might be useful in 
selecting a second parent for a given one (for the crossover operator). For example, if the evaluation 
function keeps a record of which constraints are satisfied, then the second parent can be selected 
t.o maximize the number of constraints which are satisfied by both parents (in this way the second 
parent complements the first parent and the generated offspring hopefully satisfies a larger number 
of constraints). 

The idea of matching parents is not new to EAs, the idea is discussed by Ronald [20) , but for the 
applications he presented, the selection of the second parent did not depend on the first parent at all. 
Hence, the function to select the second parent, seduction{), acted as a secondary fitness function using 
a different global criterion from the main fitness function. 

3 The CONGA system 
The evolutionary algorithm developed , CONGA (COnstraint based Numeric Genetic Algorithm) is a 
genetic algorithm for finding optimal or near optimal solutions for numeric problems with constraints. 
The fitness function eval (as described in the previous section) returns information on which constraints 
are not satisfied and the extent of the violations as well as the value of the objective function: 2 

eval(x) = (f(x),v,s,C>, 

where 

• f(x) -is the value of the objective function ; 

• v-is the number of violated constraints (0:::; v:::; m); clearly, v = 0 implies that the solution xis 
feasible . This value can be used in comparison between two individuals (smaller v, the better); 

• s = 2:::;'=1 f](x); this sum of squares of the measures of constraint violations provides with infor-
mation on unfeasibility of each individual. This value can be used to break some comparison ties 
(e.g., when two individuals satisfy the same number of constraints); 

• c = (cl, ... , en) - is the constraints satisfied mask. This is a binary vector of length m ; bit i 
is set iff the ith constraint is satisfied. This vector can be used to select individuals for crossover 
(individuals would complement each other in terms of constraints satisfied). 

New individuals are generated by either crossover or mutation, but not both. Hence we can have two 
selection functions, "SelectFirst" which selects an individual for mutation or the first parent for crossover, 
and "SelectFor" which, given a selected parent, finds it a mate for crossover. For both functions the 
information used in selecting an individual depends on the characteristics of the individuals involved. 
CONGA uses tournament selection with a tournament size of 2 and the rules for winning the tournament 
in "SelectFirst" are given below: 

• if both individuals are feasible, select individual with the better value of the objective function; 

• if only one individual is feasible, select it; 

• if both individuals are infeasible, select individual with 

- smaller number of violated constraints v . If equal, select individual with 
2 The aim here was to mimic more closely parent selection practices in nature: a number of characteristics of prospective 

mates are considered, and the characteristics which are considered to be desirable in a mate influence its selection. 

Spring/Summer /997 Australian Journal of Intelligent Information Processing Systems 



189 

smaller constraint violation measure s if they satisfy the same constraints c, else use random 
choice. 

In "SelectFor" procedure, which chooses a mate for a parent, we can be more creative. To choose between 
two potential mates which are both infeasible and satisfy an equal number of constraints, we choose the 
individual which has the least number of satisfied constraints in common with the already chosen parent. 
Here we select the potential mate that best "complements" the already selected parent by satisfying the 
constraints that the first parent does not satisfy, in a hope that crossover will create a new individual 
that satisfies more of the constraints than either parent does. 

In CONGA the function variables (genes) are represented as fixed point reals using a 20 bit binary 
representation with Gray encoding. The range of values represented is the smallest range common to 
all the domain constraints. The percentage of the population to be replaced is set by a parameter; the 
worst of the current generation is replaced by the new generation. Any duplicate individuals generated 
are discarded. Six point binary crossover and Cauchy mutation were used. Cauchy rather than Gaussian 
mutation was used as the longer tails with the Cauchy distribution was thought to be beneficial [6]. Mu-
tation is implemented by first decoding the gene an an unsigned integer and adding a Cauchy distributed 
random number of mean zero and spread t which is scaled by multiplying it by half the maximum possible 
value of the unsigned integer. This new value is then encoded into the gene. 

Self-adaptation for the mutation strength was implemented by adding an extra gene to the chromosome 
which encoded the "spread parameter" for the Cauchy distribution. This was initialised to a small range 
of values, and self-adaptation is enabled when this gene was allowed to participate in mutation. This gene 
is only allowed to mutate in feasible individuals. The reason is that the search for feasible individuals 
was considered to be an exploratory phase and it was not considered appropriate to tune the mutation 
strength during this phase: The number of genes to be mutated in a chromosome is controlled by ..\, the 
mean for a Poisson distributed random number. Hence if we have n genes in a chromosomes, each with 
a 1/n probability of mutation, we would use ..\ = 1. 

It should be noted that most of the parameters of CONGA were set to values which were thought to 
be "reasonable", no proper testing has been done to determine if these values are the most appropriate 
ones to use. 

In Hinterding & Michalewicz [3] the results of CONGA are compared with those of Genocop [9, 13] 
and showed it produced comparable or better results. For these experiments a population size of 100 was 
used, 97% of the population was replaced in each generation, 50% ·of the new individuals were produced 
by crossover and 50% by mutation. All the results reported were produced from batches of 20 runs. 

4 Experiments and results 
The test functions3 G 1 - G5 are taken from [8] and cover a range of constraint based problems with both 
linear and non-linear constraints. These test functions are summarised in Table 1; for each test function 
(TF) we list the number n of variables, type of function, the number of constraints of category (linear 
inequalities LI, nonlinear equations NE and inequalities NI), the number a of active constraints at the 
optimum, together with the value "Opt." of the objective function at the optimum. 

TF n Type off LI NE NI a Opt. 
G1 13 quadratic 9 0 0 6 -15.00 
G2 8 linear 3 0 3 6 7, 049.33 
G3 7 polynomial 0 0 4 2 680.63 
G4 5 nonlinear 0 3 0 3 0.054 
G5 10 quadratic 3 0 5 6 24.31 

Table 1: Summary of test functions 

For test function G4, the problem was reduced by hand to one of two variables by using the three 
nonlinear equations. There are other methods to deal with the equality constraints but they have not 
yet been tested. An equality constraint F(x) = 0 could be replaced by two constraints F(x) ::; (}"and 
F ( x) 2:: -(}" for some suitably small (}" . 

3 see Appendix 
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In this paper we explore the selection mechanisms introduced into CONGA . We do t his by progres-
sively simplifying the selection preferences used in the selection functions. These preferences only affect 
the selection of infeasible individuals. The cases considered are: 

• Parent matching (Par. match)- Use the selection functions of CONGA unchanged. 

• Constraint matching (Con. match) -Disable the parent matching mechanism. This means that 
instead of using "SelectFor" for finding a mate for crossover, "SelectFirst" is used instead . 

• Constraint Count (Con. count) -Here we only consider the number of constraints satisfied v and 
if they are equal the constraint violations s. 

• Violations- Consider only the constraint violations s. 

A series of 20 runs was performed on all the test functions using each of the selection variations. 
The results are in Table 2, each run used 140,000 evaluations and statistics are obtained at ten intervals 
during the runs . 

Par. match Con. match Con. count Violations 
TF .>. feas . feas% mean u mean u mean u mean u 
G1 1 14,165 46% -1 5 .00 4.3e-4 -15.00 3.9e-4 -14.80 6. 2e-1 -14.70 7.3e-1 
G2 3.5 42,295 19% 7,804.33 5.7e 2 7,934 .81 8 .1e2 8,305.54 1.8e3 9,102.80 2.3e3 
G3 4 14, 165 62% 680.72 5.6e-2 680 .71 4 .6e-2 680.70 4 .2e-2 680.70 4.7e-2 
G4 1.5 100 99% 5,596# 1,696# 6,503# 1 ,521# 6,355# 2,2371# 6,123# 1,492# 
G5 3.5 14,165 46% 25 .61 5.7e-1 25 .69 8.3e-1 26 .30 1.5e0 26.33 1.3e0 

Table 2: CONGA: comparison of selection preferences 

In Table 2 the value of ..\, the maximum number of evaluations to find a feasible solution in all the 
20 runs (feas .) , the percentage of the population that is feasible at the end of the run (feas %), and the 
mean4 and standard deviation (o-) of the average best values found, are given . The value of..\ used was 
determined experimentally for each function. (see [3]). 

From Table 2 it can be seen that generally as the selection preferences are simplified, the results 
deteriorate. The exceptions are G3 and G4; these both have more than 50% of the individuals feasible 
at the end of the run, and hence the method of selecting infeasible individuals will have a lesser affect . 
On the other functions using constraint mat ching and/or parent matching give improved results. 

Figures 1 & 2 show in more detail the selection preference differences for test function G2. Figure 1 
plots the mean constraint violations s for the best individuals during the runs . Again using just t he 
constraints satisfied v and the violations s give the slowest minimisation of the violations, but using 
parent matching is worse than just using constraint matching. This is confirmed in Figure 2, where the 
objective function values are plotted, and using parent matching only gives better values towards the end 
of the runs. 

In Figure 3 we plot the objective function values with error bars giving the standard deviation of the 
obj ective funct.ion values for just the parent matching and constraint match preferences (the values for 
the constraint match preferences have been offset to the right so the error bars can be seen). We see here 
that initially the standard deviation for the parent matching values is much larger and only gets smaller 
than the constraint matching values towards the end of the runs when objective function values also 
become smaller . What appears to be happening is that parent matching for infeasible individuals results 
in a greater exploration in the early part of the runs, but the benefits only become apparent towards 
the end of the runs. Another possibility is that the parent matching mechanism is most beneficial near 
the end of the runs when it could encourage more diversity in the population. This problem is highly 
constrained, six of the eight constraints are active at the optimum, hence increased diversity could be 
beneficial. 

5 Conclusions 
The approach used to deal with constraints in an EA was to get it to utilise more knowledge: in this case 
about the constraints. The evaluation function, the link between the problem and the EA, was modified 
to return information about which constraints were satisfied and the extent of the violations as well as 

4 Note the val~e followed by# is the mean of eva ls to find the optimum in all 20 runs. 
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the function objective value. This allowed selection and parent matching to be implemented as a set of 
preferences. These preferences cover cases where the individuals are feasible and infeasible and define the 
global behaviour of the EA. 

Infeasible individuals are penalised, without using penalties, as they are not preferred as parents, 
and because of the same preference any feasible individual is better than an infeasible one. Also t.he EA 
appears to do a two-phase search but this is just a result of the mix offeasible/infeasible individuals in the 
population. The EA always trys to optimize feasible individuals and to produce feasible individuals from 
infeasible ones, but of course feasible individuals must first be found if none are in the initial population. 

As mentioned earlier, the idea of matching parents is not new to EAs [20], but the idea of matching 
an infeasible parent with one that satisfies the constraints it does not, is novel for EAs. The utility of 
this and the other preferences have not been tested separately. 

We have shown that the use of parent matching and constraint matching is beneficial for constrained 
parameter optimisation problems. These mechanisms only affect the selection of infeasible individuals 
but seem to have a beneficial affect during the whole of the run, rather than just in the first part of the 
run when feasible individuals are sought. A possible explanation is that the mechanism encourages more 
exploration in the latter part of the run as well, and hence maintains greater diversity in the population. 

The results also seem to confirm that infeasible individuals carry information which can be used to 
advantage in the search for the optimum as the parent matching and constraint mask are only used in 
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selecting among infeasible individuals. 
Further testing on other constrained optimisation problems needs to be done. The results are promis-

ing and show that evolutionary algorithms can be used for constrained optimisation problems without 
having to introduce extra parameters. 
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Appendix 

The Test Functions 

Test Function G 1 

The problem is to minimise the function: 
4 13 

G1 ( x) = 5x 1 + 5x2 + 5x3 + 5x4 - 5 L xt - L x;, 
i=l i=5 

subject to : 

2x2 + 2x3 + x11 + x12 :S; 10, -8x1 + X1o :S; 0, 
-8xz + x11 S 0, -8x3 + X12 :S; 0, 

-2xs- X7 + xu S 0, 
-2Xg- X9 + X12 :S; 0, 0 :S; X; S 1, i = 1, ... , 9, 
0 S X; S 100, i = 10, 11, 12, 0 S X13 S 1. 

The function G1 is quadratic with nine linear constraints, the global optimum is at: 

x* = (1 , 1,1 , 1, 1, 1,1,1,1,3,3,3 , 1) , 

where G1(x*) = -15 . 

Test Function G 2 
The problem is to minimise the function: 

G2(x) = x1 + xz + X3, 

where 

1 - 0.0025(x4 + x 6) 2: 0, 1 - 0.0025(xs + X7- x 4) 2: 0, 
1- O.Ol(x8 - x5 ) 2: 0, x 1x 6 - 833 .33252x4 - 100x1 + 83333.333 2: 0, 
Xz X 7 - 1250x5 - XzX 4 + 1250x4 2: 0, x 3 x 8 - 1250000- X3 X5 + 2500x5 2: 0, 
100 S X } :S; 10000, 1000 S Xi :S; 10000, i = 2, 3, 
10 S X; S 1000, i = 4, ... , 8. 

The function G2 is linear with three linear and three nonlinear constraints and has its global minimum 
at : 

x* = (579. 3167, 1359.943,5110 .071,182 .0174, 295.5985,217.9799 , 286.4162, 395.5979) , 
where G2(x*) = 7049 .330923 . 

Test Function G3 
The problem is to minimise the function: 

G3(x) = (x1 - 10) 2 + 5(xz- 12) 2 + x~ + 3(x4- 11) 2 +!Ox~+ 7x~ + xj- 4x6X7- 10x6- 8x7, 

where 

127- 2xf - 3x~ - X3 - 4x~ - 5xs 2: 0, 
282- 7xl- 3xz- lOx~ - x4 + x5 2: 0, 
196- 23x1 - x~ - 6x ~ + 8x1 2: 0, 
-4xi- x ~ + 3x lx 2 - 2x~ - 5x 6 + 11x7 2: 0, 
-}Q.O::; Xi::; 10.0, i = 1, . . . 1 7. 

The function G3 is a polynomial with 4 nonlinear constraints and has its global minimum at: 

x* = (2 . ~-130499, 1.951372,-0.4775414,4.365726,-0.6244870,1.038131, 1.594227), 

where G3(x*) = 680.6300573. 
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Test Function G4 
The problem is to minimise the function: 

where: 

2 2 2 2 2 1"0 5 X1 + X2 + X3 + X4 + X5 = > X2X3- X4:Z:5 = 0, 
x~+x~=-1,-2.3:Sx;:::;2.3, i=1,2, 
-3.2 :::; Xi :::; 3.2, i = 3, 4, 5. 

The function G4 is nonlinear with three nonlinear equations and has its global minimum at: 

x* = ( -1.717143, 1.595709,1.827247,-0.7636413, -0.7636450), 

where G4(x*) = 0.0539498478. 

Test Function G5 
The problem is to minimise the function: 

G5(x) 

where 

xf + x~ + x1x2- 14x,- 16x2 + (xa -10) 2 + 4(x4- 5)2 + (x 5 - 3) 2 

+ 2(x6- 1)2 + 5x~ + 7(:z:s -11)2 + 2(xg- 10)2 + (x 10 -7)2 + 45, 

105- 4x, - 5x2 + 3x1- 9x8 2: 0, 
-10x, + 8x2 + 17x7- 2xs 2: 0, 
-3(:z:l - 2) 2 - 5:z: 9 + 2x~ + 7x4 + 120 2: 0, 
-5xr- 8x2- (xa- 6) 2 + 2x., + 40 2: 0, 
-xf- 2(x2- 2) 2 + 2x1x2 - 14xs + 6xs 2: 0, 
-0.5(x, - 8) 2 

- 2(:z:2 - 4) 2 - 3:z:~ + xs + 30 2: 0, 
3xl- 6x2- 12(x9 - 8)2 + 7x10 2: 0, 
-10.0:::; Xi :::; 10.0, i = 1, ... 1 10. 
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The function G5 is quadratic with three linear and five nonlinear constraints, and has its global 
minimum at: 

x* = (2 .171996, 2.363683,8.773926,5.095984,0.9906548,1.430574,1.321644,9.828726,8.280092, 8.375927), 

where G5(x*) = 24.3062091. 
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Abstract 

Two kinds of coevolutionary genetic algorithms involving two populations with layered structures are introduced. The 
lower layer populations in our algorithms are used to search for optimal or satisfiable solutions of given problems like 
traditional GAs, and the upper layer populations are used to search for and store useful genetic information that are 
expected to augment and accelerate the search abilities of the lower layer populations, i.e., accelerate schema formation at 
the lower layers. Also, new genetic operators for exchanging genetic information between these two layers are introduced 
yielding effective and efficient search of our coevolutionary GAs. 

In the former coevolutionary GA, the upper layer discovers and stores useful schemata which are then transmitted 
to the lower layer population by two genetic operators, superposition and transcription, which will be used to overwrite 
the individual genetic information in the lower layer population. The latter coevolutionary GA is confined to constraint-
oriented problem solving. In this coevolutionary GA, the upper layer discovers and stores unsuccessful schemata by utilizing 
a traditional problem solving method in constraint-oriented problem solving such as solution synthesis algorithms called 
invasion algorithm. This negative information is then transmitted to the lower layer GA and is used to lower the fitness 
values of individuals that are expected to arrive at unsatisfiable solutions. In other words, the above information is used 
to inhibit schema formation that are expected to mislead the evolutionary processes in the lower layer, i.e., to evade form 
premature convergence. 

Furthermore, we introduce a difficulty index of constraint satisfaction problems and that of partial solutions by referring 
to Shannon's information content which are then used to elucidate the progress of schema formation. Finally, these coevo-
lutionary GAs are applied to constraint satisfaction problems such as graph coloring problems elucidating the effectiveness 
and the characteristics of our coevolutionary genetic algorithms. 

Keywords 
Genetic Algorithm, Coevolution, Constraint Satisfaction Problem, Layered Approach 

1. Introduction 

The notion of Constraint Satisfaction is one of the common general frameworks for problem solving 
in Artificial Intelligence. A constraint satisfaction problem, more precisely a consistent labeling problem 
consists of the elements in the problem and the constraint relationships among these elements [1], [2]. This 
notion of problem formulation being universal and simple, it is quite important to devise general problem 
solver for CSPs (Constraint Satisfaction Problems). Also, it is practically important to devise effective 
CSP solvers. Recently, many researchers have tried to solve CSPs by Genetic Algorithms. GAs have been 
widely applied to engineering problems, for instance, scheduling problems, robot control, manufacturing 
design problems and so on. By using GAs, it is expected to discover optimal or near optimal solutions 
by population-based search. 

In this paper, we devise a double layered solutions space of CSP, that is, solution-level and schema- . 
level spaces. The lower layer population explores the solution-level space, and the upper layer population 
explores the schema-level space. 

First, an evolutionary computation with layered populations which consist of two levels, i.e., solution-
level and schema-level is proposed. The solution-level population searches for good solutions in a given 
problem. The schema-level population searches for good schemata in the solution-level population. These 
populations are evolved by Genetic Algorithms [3], [4], [5], [6] and affect with each other by two genetic 
operators to exchange genetic information. Namely, in this case, coevolution by layered populations 
brings about improving search ability of GA. Further, we will introduce new evolutionary computation 
which consists of a Genetic Algorithm coupled with Seidel's invasion algorithm. The invasion algorithm 
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·Unit-Label Constraint Relations: R ={RI, R2, R3, R4, Rs) 
R1 = { (r,g), (r,b), (g,r), (g,b), (b,r), (b,g)) 
R2 = { (r,g), (r,b), (g,r), (g,b), (b,r), (b,g) l 
R3 = { (r,g), (r,b), (g,r), (g,b), (b,r), (b,g)} 
R4 = { (r,g), (r,b), (g,r), (g,b), (b,r), (b,g) l 
Rs = { (r,g), (r,b), (g,r), (g,b ), (b,r), (b,g)) 

Fig. 1. An example of CSP: graph coloring problem 

is one of solution synthesis algorithms commonly used to solve CSPs. This algorithm can find all sat-
isfiable solutions in given problems, but it necessitates enormous computational load . In this paper , we 
use a pseudo-invasion algorithm to synthesize higher-order solutions from lower-order partial solutions, 
which has an ability to detect illegal high-order solutions that may cause premature convergence in GA. 
Furthermore, we introduce an index measuring the difficulty of problems by referring to Shannon's infor-
mation content contained in constraint-relations. We will compare our methods with sGA by referring 
to this index. 

Related works are as follows: Coevolutionary approach have been studied by many researchers [7], [8]. 
Especially, coevolutionary approach for solving Constraint Satisfaction Problems is proposed by Paredis 
[2], [9] . He used two populations which has an inverse fitness interaction, more precisely, the predator-
prey relationship, between these populations. Also , schemata-oriented search methods in evolutionary 
computation have been adopted in several problem solving methods such as Cultural Algorithms and 
Stochastic Schemata Exploiter [10], [11]. In Cultural Algorithm, usual GA model is associated with a 
belief space which is similar to the schema space and is used to promote directed evolution of individuals 
with the beliefs in the GA model. Our GA with invasion algorithm is very similar to Cultural Algorithm 
in the sense that both methods use additional mechanisms to promote the evolution of usual GA. In our 
method, however , the information of illegal higher order schemata is utilized to revise the direction of 
evolutionary process. 

2. Constraint Satisfaction Problems 

Constraint Satisfaction Problems (CSPs) are a class of problems consisted of variables and constraints 
on the variables. Especially, a class of the CSPs such that each of the constraints in the problems is 
related only to two variables are called binary CSPs. In this paper, we treat a class of discrete binary 
CSPs, where the word discrete means that each variable is associated with a finite set of discrete values 
(labels) that are candidate values of the variable. An example of the graph coloring problem [15], one 
of binary CSPs, which is one of the benchmark problems in CSP is delineated in Fig. 1. As depicted in 
the figure, CSPs are defined by (U, L, T, R), where U, L, T and R denote a set of units, a set of labels, 
unit constraint relations and unit-label constraint relations, respectively. In this 3-coloring problem, i.e., 
coloring with three colors, r, g and b, for instance, the set U of units consists of the nodes in the graph of 
the given problem. The elements in the set L of labels denote three colors to be used. The unit constraint 
relations T correspond to the edges in the graph of the given problem. The unit-label constraint relation 
R is a set of 2-compound labels subject to the constraint relations, where a 2-compound label denote a 
tuple of labels attached to two variables that are consistent with the unit-label constraint relations. To 
solve CSPs is to search for solutions such that no constraints are violated, where the graph representation 
of CSP in Fig. 1(b) called Constraint Network is often used. 

We use two indices, tightness and density, for analyzing the difficulties of CSPs [1]. The tightness of 
an edge ij is given as the ratio of the number of satisfying 2-compound labels (in unit-label constraint 
relations) on the edge ij to the number of all 2-compound labels on the edge ij . Furthermore, the 
tightness of a problem is given by the average value of tightness of the edges in the problem. The density 
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of a. problem indicates the proportion of constraint relations that actually exist between any pair of nodes . 
For instance, in Fig. 1, the tightness of the edge XY is calculated as follows : all the constraints on the 
edge XY are given as { ( 7' , g), (r, b), (g, r ), (g, b), (b, r) , (b, g)}, namely, the number of all constraints on the 
edge XY is equal to 6. Furthermore, the number of 2-compound labels on the edge XY is the same 
as the product of the number of labels on each nodes, that is, 3 x 3. Hence, the tightness of the edge 
XY is calculated as 619 = 213 Also, the density of the problem is defined as the ratio of the number of 
the unit constraint relations to the number of all combinations of two nodes among four nodes, namely, 
.s I 4C2 = s 1 6. 

3. Genetic Algorithm with Layered Population 

The proposed method consists of two-level populations: solution-level one and schema-level one. These 
populations evolve at different levels of abstraction in problem spaces by Genetic Algorithm and affect 
with each other by two genetic operators: superposition and transcription as depicted in Fig. 2. The 
genetic information in the solution-level population is used to calculate the fitness value of the schema-level 
population by superposition operator (see the following subsection). The effective genetic information 
searched by the schema-level population is transcripted to individuals of the solution-level population. In 
this paper, the solution-level population and the schema-level population are called H-GA (Host GA) 
and P-GA (Parasite GA) , respectively. 

3.1. Superposition Operator 

The individuals of the P-GA called P-individuals (P-indiv.'s) represent schemata in the H-GA. 
Namely, each P-indiv. consists of the alleles used in H-GA and"*" (don't care symbol), which represent 
a schema in the H-GA. The superposition operator copies the genetic information of a P-indiv. except 
for "don't care symbol" ("*"),onto one of the individuals of H-GA called H-individuals (H-indiv.'s) 
in order to calculate the fitness of the P-indiv. Thus, the evolutionary process of this layered population 
can be regard as a coevolution of individual at different levels of abstraction (cf. Fig. 2) . 

3.2. Fitness Evaluation of P-GA 

P-GA searches for 1tseful schemata in H-GA. Here, the useful schemata in H-GA may be defined as 
follows: (1) undiscovered useful schemata or simply (2) useful schemata, i.e. , those with high average 
fitness values. 

Generally speaking, the fitness value of a schema is calculated as the average fitness value of all 
individuals belonging to the schema. It is difficult, however, to calculate the fitness values of all individuals 
when the order of schema is small. So, the average value of schema is set to be the average value of 
"sampled" individuals belonging to the schema. Furthermore, if a schema information discovered by P-
GA is already discovered by H-GA, the H-GA will receive no effective information from this "discovery" 
by P-GA. Hence, we let P-GA to search for "undiscovered" useful schemata in H-GA, and the fitness 
evaluation of a P-indiv . is given as follows: First , the fitness value Fj of a P-indiv., say, j is calculated 

Fig. 2. Process of Coevolutionary Genetic Algorithm 
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Fig. 4. Fitness Evaluation of P-GA in H-GA's Genetic Space 

in the following way where the fitness function of H-indiv. i and P-indiv . j are represented as/; and Fj, 
respectively. 
The superposing (superposition) operation of each P-indiv. onto H-indiv.'s is carried out n times. (1) 
First, n H-indiv.'s to be superposed by P-indiv. j are randomly selected . (2) These selected H-indiv.'s 
are denoted as i1, ... , in, and the resultant superposed H-indiv.'s are denoted as i1, ... , in. (3) Then, to 
calculate the fitness value of P-indiv. j , the effect of each of the superposition operations is evaluated as 
the contribution of the superposition operation to each H-indiv. defined as follows: 

n 

Fj = l:max(O,h- /;J, (k=l , . . . ,n). 
k=l 

Thick lines in Fig. 4 denote the difference between the fitness values of the original H-indiv. 'sand those of 
the superposed H-indiv.'s, that is, "positive contribution" of this superposition operation . If the difference 
is negative, then the contribution of this operation is regard to be 0. 

3.3. Transcription Operator 

The transcription operator serves as means of transmitting the effective genetic information searched 
by the P-GA to the H-GA. This operator propagate genetic information in P-GA to H-Indiv . by prob-
abilistically replacing the original H-indiv. ik with superposed H-indiv. ik. The probability of applying 
the transcription operation is given as 

{ 
. 

Pparasit e ~ . , 
?transcription = Q f max f m•n 

A> o 
otherwise, 
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Front Set 
A 11 So I uti ons 
are found, i.e., 
C=l- b=l\a=l, 

a=3, 
C=2- b=2-a=1. 

Fig. 5. Process of Invasion Algorithm 

Satisfiable Genetic Information 
Extraction 

Pseudo-Invasion Algorithm 

Illegal Pattern Information 
Overwrite 

Genetic Algorithm 

Fig. 6. Process of proposed method: Genetic Algorithm with Invasion Algorithm 

where fmax and fmin denote the maximum fitness value and the minimum fitness value in the H-GA, 
respectively, and hence Pparasite is set to be constant such that 0 < Pparasite < 1. 

4. Genetic Algorithm with Invasion Algorithm 

4.1. Framework 

We now introduce another evolutionary approach with a layered population inspired by traditional 
approaches for solving CSPs. We incorporate the Invasion algorithm to G A which is one of the traditional 
and commonly used methods to solve CSPs, and can find all satisfiable solutions in given problems. First, 
we will briefly introduce the original invasion algorithm proposed by Seidel [16], which is designed for 
solving binary CSP. As delineated in Fig. 5, the invasion algorithm keeps the consistency of partial 
solutions related to the labeling attached to the nodes facing frontier of the invasion process called 
"front". At each step, the consistent pair of labels is listed up. And, at the final step of the algorithm, 
all the solutions can be found out by merging the consistent pairs facing at the fronts discovered by the 
invasion process. The procedure of propagating the front set can be carried out as follows: At each step 
an uuinvaded node adjacent to a node facing the front set is included into the front set. Further, all 
nodes having links to the external and uninvaded nodes are removed for the front set. In this algorithm, 
it is very important to devise heuristics to select a node to be included to the front set at each step 
of the algorithm, since total computational cost is extremely affected by this decision . The Minimum 
Band-'''idth Ordering is a well-known such heuristics [1] . 

We will adopt. the basic idea of this invasion algorithm to detect potential illegal tuples of labels. 
That is, the procedure of our pseudo-invasion algorithm acts as means of building up higher-order partial 
solutions from lower-order ones by referring to the topology in the graph representation of given problems. 
In our proposed method, as delineated in Fig. 6, ordinal Genetic Algorithm acts as the CSP solver 
based on population-based search . At each generation, genetic information which is discovered by the 
GA population is propagated to constraint network in the upper layer subject to the pseudo-invasion 
algorithm. Next, pseudo-invasion algorithm is carried out to the genetic information in the constraint 
network. The objective of the pseudo-invasion algorithm is to build up higher-order partial solutions 
from the genetic information and to examine whether the genetic information which is satisfiable for 
some individual will be included in a final satisfiable solution. The results of this exalllilli-l.tion are 
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GA Population Constraint Network 

(1) 2 5 4 (Q) 3 Individual 1 

0 2 1 2 0 1 Error Matrix 

(~) 2 5 4 (~_::<i) Individual i 

0 1 2 1 0 0 Error Matrix 

Fig. 7. Process of extraction of genetic information from population 

reflected in the GA population in the lower layer in order to promote its evolution. In the following 
subsections, further details on the extraction of satisfiable genetic information and consistency check in 
the constraint network are discussed. 

4.2. The Extraction of Satisfiable Genetic Information from GA Population 

The aim of extraction of satisfiable genetic information from population is to grasp the pattern of 
genetic information. As delineated in Fig. 7, each of the individuals in population is associated with an 
error matrix. Each numerals in the error matrix denotes the number of violated constraints at each gene 
locus. Note that this error matrix can simultaneously be calculated because the fitness function used in 
this paper is based on the total sum of the numerals in the error matrix. In each individual, the genetic 
information such that numeral in the error matrix at the corresponding gene locus is equal to zero, is 
propagated to the constraint network in the figure . In the constraint network, there are many labels 
without violation against individuals. 

4.3. Consistency Check by the Pseudo-Invasion Algorithm 

The task of pseudo-invasion algorithm is to probe the minimal illegal genetic patterns, where a minimal 
illegal genetic pattern means a set of alleles which as a whole do not satisfy the constraints but any subsets 
of which (and hence consisting of fewer alleles) satisfies the constraints. By searching for the minimal 
illegal patterns and then by exchanging the genetic information between these layers effectively, it is 
expected to be able to avoid premature convergence of GA. 

The process of consistency check in the pseudo-invasion algorithm is carried out as follows: first, by 
using the a similar method of invasion algorithm, the front set is progressed. Next, at the front set at 
each time, the examination whether all the constraints in the front set are satisfied or not is carried 
out . Hence, we find out the minimal illegal genetic pattern as alleles in the front set, provided that the 
violation of constraints is found in any pair of alleles in the front set. Furthermore, if such minimal illegal 
genetic pattern is found in the constraint network, the genetic information in the population which is the 
same as illegal pattern is looked up, moreover the other alleles are transcripted into the same gene locus. 

Also, it is well known that original invasion algorithm necessitates a large amount of computational 
effort to find all the satisfiable solutions, when the density of constraint network is high. Hence, we have 
to reduce the maximum size of the front set in order to decrease the number of this consistency check. 

5. Experimental Results 

In this section, several experimental results in solving CSPs are examined. First, to compare the 
proposed methods with sGA involving elitist strategy, we carried out computer simulations on General 
CSPs for a variety of tightness and density. The General CSPs with various values of the difficulty 
indices, tightness and density, are generated as follows: First, specify the tightness and density. Next, for 
all combination of two indices and unit constraint relations, decide whether the unit constraint relation 
is set to each of the pairs of variables or not by taking account of the value of the density. Finally, for all 
unit constraint relations, the number of unit-label constraint relations is set to be directly proportional 
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to the tightness. In this paper, the tightness and the density are varied from 10 to 90. The General 
CSPs used as test beds are set such that both of the number of variables and the size of domain are set 
to be 10. The fitness function of sGA, that of H-GA and that of GA with Invasion algorithm are set 
to be 1/(1 +the number of violated constraints). In all the experiments, the following GA parameters 
are used: The population size of all GAs, i.e., sGA, H-GA, P-GA and GA with Invasion, is set to be 
50. The GA parameters for the SGA, H-GA and GA with invasion are set to be of the same value, i.e. , 
the probability Pc of crossover, the probability Pm of mutation and the number of the elitist are set to 
be 0.8, 0.01 and 5, respectively. Those for the P-GA are set to be Pc = 0.8 and Pm = 0.05. The elitist 
strategy is not used in the P-GA. The parameters only used by P-GA are set to be Ppa•·asite = 0.8. The 
number of superposing per one fitness evaluation of P-indiv. is set to be 3. Further, don't care symbol 
in the P-GA is generated with a. rather high probability, and hence, each P-indiv. initially have few gene 
loci having their values specified. The specific parameter for GA with Invasion is the maximum size of 
front set and is set to 3. Also, the number of runs for each of the tuple (tightness, density) is set to be 
100. 

Fig. 8 shows the experimental results on General CSPs, where the combination of tightness and 
density is varied from 10 to 90 with step size 10. The graphs in the lower column in the figure delineate 
success ratio over 100 runs for each case of tightness and density. The ones in the upper column show 
the average values of the number (times) of fitness evaluations that were necessary to get satisfiable 
solutions in success examinations. The left row, the center row and the right row are the results for sGA 
with elitist (SGA), those for Coevolutionary GA (CGA), and GA with Invasion algorithm (GAwl) 
respectively. The number of fitness evaluations for the case of CGA is less than the case of sGA for each 
tuple (tightness, density). Furthermore, in the success ratio (lower column), the region where the success 
ratio is 1 meaning that all the 100 examinations are perfectly solved, in the case of CGA is broader than 
the case of SGA. The number of fitness evaluations is the least in the case of GAwi among the three 
algorithms. However, in the area around (tightness, density) = (10, 80), GAwl cannot effectively solve 
General CSPs view of success ratio. 

Next, the graph coloring problem (15], one of the benchmark problems in CSPs, is examined. The 
n-coloring problem is a problem to search for the coloring of a graph with n colors. That is, each node 
should be assigned with a color from among the prescribed n colors such that any adjacent vertices do 
not share the same color. A method of generating problem instances at least one fully satisfying solution 
is described in (15]. However, we adopted a naive and simple method which, however, does not assure 
the existence of satisfiable solutions. 

Fig. 9 shows the experimental results on 3 coloring problem with 20 nodes (variables). The GA 
parameters used in these experiments are set to be the same as those used in the experiments of General 
CSPs. The tightness for n-coloring problems is constant by definition, namely, (n -1)/n. The horizontal 
axis in the figure indicates the density. Hence, we investigate the effect of density by examining the cases 
where dens·ity = 15, 18, 20, 21, 22,23 and 24. The vertical axis in the upper graph denotes the average 
value of the number (times) of fitness evaluations over the success examinations. The vertical axis in the 
lower graph denotes the ratio of the success examinations over 100 runs . In the left graph where density 
is equal to 22, it seems that SGA outperforms CGA and GAwl. In the cases where the density is between 
16 and 21, however , the success ratio, i.e., the average number of success trials over 100 trials reveals 
that SGA will quickly find out satisfiable solutions with, however, low probability because of the simple 
mechanism of SGA. 

Finally, the progress of the evolution process is examined by using information content among unit 
constraint relations. Namely, to introduce a difficulty index of sat.isfiability of partial solutions, i .e., 
schemata in GAs, the information content in the constraint between variables i and j is introduced and 
is defined as follows: 

J. . = _ lo the number of 2-compound constraints on variables i and j 
' 1 g the number of all 2-compound labels on variables i and j ' 

where 2-compound constraints on variables denote the constraints associated with 2-compound labels, 
i.e., the constraints represented in tuples of labels such that they share a unit constraint relation. If the 
number of 2-compound constraints is equal to 0, then the information content is regarded to be infinity. 
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Fig. 8. Experimental results on General CSP: the number of fitness evaluations (UPPER ROW), the 
ratio of success examination (LOWER ROW), sGA with elitist (LEFT COLUMN), Coevolutionary 
GA (CGA, CENTER COLUMN), GA with Invasion (GAwl, RIGHT COLUMN) 
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Fig. 9. Experimental results on the Graph Coloring Problems: the average value of the number offitness 
evaluations over the success examinations (LEFT) and success ratio (RIGHT) 

Such problems, however, have no satisfiable solutions, that is, we cannot solve such problems . Also, if any 
two variables have no constraint relations, namely, the number of satisfied 2-compound labels in any pair 
of variables is equal to the number of 2-compound label in the variables, then the information content 
is equal to 0. That is, even if a partial solution satisfying only such 2-compound constraint exists, it is 
of no value to search for such partial solution because any partial solutions can satisfy such 2-compound 
constraint. Furthermore, we introduce index D of the difficulty of satisfiability of a partial solution s as 
follows: 

i,jEN.,if-j 

where Ns denote the set of variables belonging to the partial solution s. 
Fig. 10 shows the progress of schema formation for each of SGA and CGA on a General CSP with 15 

variables. The axis of the difficulty of schemata in the figure exploits the above index, that is, schemata 
that are more difficult to be satisfied are located on the left part of the axis. The axis of the order 
denote the order of schemata. We only examined the cases where the order of schemata is 2, 3 or 4. 
The axis of generation means the generation of population in GA. The hatched area show that satisfiable 
schemata are dominant in the population. In the figure, SGA fails to find lower order and difficult 
schemata. Furthermore, SGA cannot search effectively for satisfiable schemata with higher order. On 
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Fig. 10. progress of schema formation: SGA(LEFT), CGA(CENTER) , GAwi(RIGHT) 

the other hand, CGA can effectively discover satisfiable schemata at any level of difficulty and of order 
of schemata. It seems that P-GA works well through combining lower order schemata to make up higher 
order ones. Finally, it can be readily seen that at any order of schemata, it is different for GAwl to 
find out effective schemata in the middle difficult range. Further detailed examination shows, however , 
that GAwl could find out a satisfiable solution at the 28th generation . Also, it turned out that all the 
satisfiable partial solutions were found out by GAwl. That is, in that middle range, satisfiable solutions 
cannot be dominant in the population in principle. It seems that GAwl yields rich diversity of population 
in that range. It is very important for GAs to have such diversity for solving CSPs. It should be noted 
that we need not such rich diversity in the difficult range so much. For, in the case of the very difficult 
range, if a satisfiable partial solution is found, it will certainly be a part of a satisfiable full solution. On 
the other hand , in the case of very easy range, it will hardly be the case that GAwi yields illegal patterns 
from satisfiable partial solutions. 

6. Conclusion 

In this paper, two coevolutionary GAs with layered two populations which interact with each other 
is proposed. The first coevolutionary GA involves two new genetic operators for genetic information 
exchange between the layers which results in effective exploration and exploitation in the populations 
improving the search ability of GAs. The second coevolutionary GA incorporates the Invasion algorithm 
used in traditional CSP solvers . The invasion algorithm is used to verify the consistency of partial 
solutions by using schema information searched for by the GAin the lower layer . Once, an illegal genetic 
pattern is found in the process of verification, it is propagated to the lower layer population. Several 
computer simulations based on General CSPs and graph coloring problems confirm us the effectiveness of 
these methods in terms of the number offitness evaluations and of success ratio . Moreover , we introduced 
the difficulty index of potential satisfiability of schemata by referring to Shannon's information content. 
This index provides us ways of examining the progress of schema formation . As the consequence of this 
examination, the CGA outperforms SGA in the sense of schemata formation, for high order schemata is 
made up by some low order schemata, i.e., CGA seems to work well. To confirm this conjecture, we have 
to analyze the behavior of the GAin the upper layer, that is, P-GA, and that of the superpose operator 
and that of the transcription operator with reference to the index. Furthermore, in GA with Invasion, 
satisfiable schemata in the middle difficult range were not dominant in the population formed, because 
such schemata are affected by the genetic information exchange between the layers. This characteristic in 
the GA with Invasion is very desirable, because it is very difficult to judge in advance whether a schema 
in the middle difficult range will be involved in a satisfiable full solution or not. 
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Abstract 

Evolutionary approaches are not usually considered for real time scheduling problems due to long 
computation times and uncertainty about the length of the computation time. We argue that for 
some kinds of problems, such as optimizing aircraft landing times, genetic algorithms have advantages 
over other methods as a best solution is always available when needed, and, since the computation 
is inherently parallel, more processors can be added to get higher quality solutions if necessary. 
Furthermore, the computation time can be decreased and the quality of the generated schedules 
increased by seeding the genetic algorithm from a previous population. We have performed a series 
of experiments on landing data for Sydney airport on the busiest day of the year. Our results show 
that high quality solutions can be computed in the time window between aircraft landings. 

1 Introduction 

R.ea.l time problems are characterized by the need to have certain computations completed and answers 
rea.dy within a limited time otherwise it will be too late for the answers to be of any use. One approach 
to real time problems is the use of 'anytime algorithms' [6), procedures which can be interrupted at any 
time and will always have a result available but will produce a better result given more time. 

Genetic algorithms[3, 5] are a problem solving strategy, based loosely on Darwinian evolution, that 
has been successfully used for a large number of scheduling and optimization problems[2, 9]. Genetic 
algorithms are generally associated with long computation times and great uncertainty about how long 
a. computation will take. Consequently they are not normally considered for real-time problems, such 
as the optimal scheduling of aircraft landing times. Despite the perceived computational disadvantages, 
we believe that genetic algorithms might in fact, perform well in real time situations, since: 

1. A population of potential solutions (i.e. schedules) is always available. The longer one runs the 
computation the better these solutions should become. However, at any time, there is always a 
best solution available. Thus genetic algorithms can be considered as a form of anytime algorithm. 

2. Genetic algorithms are inherently parallel. If more computation is needed to get an acceptable 
result in the time available, one can simply add more processors. 

The scheduling of aircraft arrival times at a busy airport is a difficult problem for many reasons. There 
is an inherent tradeoff between leaving wide safety margins between aircraft and maximizing the number 
of aircraft that take off and land each hour, particularly during peak hours. It has been estimated that 
the problem of air traffic congestion will cost $US10 billion in Europe alone by the year 2000. 
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1.1 Goals 

Our primary goal is to investigate the applicability of genetic algorithms to the problem of real time 
scheduling of aircraft arrival times at airports. We are particularly interested in: 

1. Whether the constraints and the constantly changing situations such as aircraft landings and new 
arrivals in the scheduling horizon can be adequately represented with the a genetic algorithm 
approach. 

2. Whether the landing sequences computed in the time available will be good enough. 

3. Whether specialized crossover and mutation operators which favour changes to newly arrived planes 
are better than standard binary crossover and mutation. 

4. A deployed scheduling system is required to deliver a new schedule when a plane lands or new 
planes enter the scheduling horizon. Thus a sequence of schedules need to be generated. We 
expect that new schedules constructed by seeding the new optimization run with chromosomes 
from the previous population will be better than those constructed from scratch. 

2 Scheduling of Aircraft Arrival Times 

The focus of this work on is what happens after planes enter the 'scheduling horizon' of an airport, 
usually about 40 minutes before landing. The location and landing order of planes is controlled by the 
local air traffic controllers. When a plane enters the scheduling horizon, it has an optimal landing time. 
This is the time it would land if there were no other aircraft at the airport and it could travel at its 
optimal speed. At busy times, planes arrive at a faster rate than can be landed. Slow planes come into 
the scheduling zone before faster ones. If planes were allocated landing times on a first come first served 
basis, runways would remain idle as the queue of planes wanting to land increased. The key resource in 
this domain is time on a runway. 

At Sydney airport, for which we have data, landing slots are allocated at 3 minute intervals. This leaves 
a. conservative margin for safety and permits several takeoffs be~ween landings, however it is a major 
contributor to congestion. The work reported in this paper is concerned with variable times between 
landings. Other factors that must be taken into account in generating schedules are: 

• Some planes have higher priority than others; a 747 will generally have higher priority than a 
Cessna. 

• While arriving planes have a preferred runway, some planes are constrained to use specific runways. 

• There are constraints in the amount of time that must pass before, say, a small plane can land 
after a big plane. 

It is undesirable to change landing times too much after they have been allocated since this causes ripple 
effects and additional communication in notifying pilots of changes in landing arrangements. Scheduling 
of take-offs is not considered since these are interspersed with landings. A plane can be asked to land up 
to 3 minutes earlier than its optimal time to improve a schedule. It is not possible for a plane to land 
more than three minutes early, that is, more than three minutes before its optimal arrival time .. 

A closely related problem that has received much attention in the literature is the job shop scheduling 
problem[l, 10]. 

3 The Test Data 

The data we are using for the problem was generated from a simulation of air traffic for Easter Thursday 
at the Sydney airport, which is the busiest day of the year. Two data sets were generated, one containing 
28 planes arriving in a 37 minute period, the other 29 planes arriving in a 38 minute period. 
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4 The Genetic Algorithm 

Note t.hat we actually need to solve a sequence of optimization problems. Whenever planes land and 
new planes enter the scheduling horizon we have a new optimization problem. 

\Ve have compared two genetic algorithms: 

l. The standard binary genetic algorithm as described in [3) and implemented in the GAUCSD 
pa.ckage[4). In this case each problem in the sequence requires a new chromosome encoding which 
deletes planes that have landed and adds planes that have recently arrived. The new schedules are 
built from 'scratch' , that is from a random initial population as shown below: 

Standard Algorithm 

For each 3 min interval do 
Randomly initialize population 
While (time< 3 mins or not(convergence)) do 

Select 2 parents 
Apply crossover operation 
Apply mutation operator 
Insert new children into the population 
Use elitist strategy where the best 10%from the 
previous generation are copied to next generation 

2. A 'seeding' modification.. Rather than starting from scratch, we build, or seed, the new initial 
population from the one left at the end of the last problem by deleting planes that have landed 
and inserting newly arrived planes as shown below: 

Seeding Approach 

For each 3 min interval do 
If first 3 min interval 

then Randomly initialize population 
else Seed from final population of previous 3 min 

interval 
While (time< 3 mins or not(convergence)) do 

Select 2 parents 
Apply crossover operation 
Apply mutation operator 
Insert new children into the population 
Use elitist strategy where the best 10%from the 
previous generation are copied to next generation 

4.1 Encoding 

Each gene on the chromosome consists of 8 bits and represents a landing time (7 bits) and a runway (1 
bit) as shown in figure 1. A plane with a zero landing time will be the next one landing (Time = now). 
A non zero landing time is the number of 30 second intervals from now. In our data there are two 
runways so 1 bit is enough to encode the runway. 

Time I R. 11 Time I R 11 Time I R. 11 Time R 11 

Figure 1: Encoding of Chromosomes 
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Associated with with the chromosomes is a global table of planes as shown in figure 2. 

0 
1

1 0 11 6 
2

1 1 11 9 
3

1 0 11 

index Id Size OptO Opt1 
1 TXZ Big 12:01 12:04 
2 FDS Small 12:03 12:00 
3 JKL Big 12:01 12:05 

Figure 2: Encoding of Chromosomes: Example 

Static information about planes is kept in a global table as shown in figure 2. The 'optO' column gives 
the optimal landing time on runway 0 and the 'optl' column the optimal landing time on runway 1. 
Assuming. that now= 12 : 00, the encoding shown in figure 2 corresponds to a schedule where plane 1 is 
to land at 12:00:00 on runway 0, plane 2 at 12:03:00 on runway 1 and plane 3 at 12:04:30 on runway 0. 

A landing schedule as presented to the user is a table consisting of a time, a runway and the Id of the 
plane scheduled to land. The schedule must be shown in order of increasing landing times. Producing 
a landing schedule from any chromosome simply requires building an empty table of landing slots at 30 
second intervals for each runway, walking down the chromosome and using the time and runway to index 
and fill in this table. This is similar to the 'schedule builder' approach used in job shop scheduling [8]. 
Note that a considerable number of these 30 second landing slots will be empty. 

The advantages of this encoding are that very fine time slices (30 seconds) can be represented and that 
fast binary crossover and mutation operators can be used. A big disadvantage is that invalid schedules 
are generated by crossover and mutation, for example two planes can be scheduled to land at the same 
time on the same runway. 

Note that while it may appear that the problem requires a variable length chromosome to deal with an 
arbitrary number of planes waiting to land, this is in fact not the case since each 30 seconds any planes 
that have landed in that time are removed from the static table and the chromosomes, and new planes 
reaching the scheduling area added. This results in a sequence fixed length optimization problems. 

The encoding described above was chosen after considerable analysis and experimentation with alterna-
tives. Originally we treated the problem as a rearrangement/permutation problem and used order and 
position based operators[7). A pair of genes on the chromosome corresponded to a 3 minute landing slot 
on each of two runways. Each slot contained the. Id of the plane scheduled to land at that time. This 
encoding, while it is a relatively natural encoding of the problem had a number of disadvantages: 

1. It resulted in illegal solutions since schedules were generated in which planes were listed to land 
earlier than was physically possible. In some runs there was not a single valid schedule in the 
population. 

2. It required long chromosomes, which would need to be 6 times longer to deal with 30 second 
landing slots. 

3. The position based crossover and mutation operators executed very slowly. 

4.2 Fitness Function 

\1\Te have chosen to deal with invalid solutions by use of the fitness function. Thus the fitness function 
must punish sub-optimal solutions and severely punish invalid ones. We have used the penalties shown 
in figure 3. 

The fitness function used is also shown in figure 3. The value of totaLearly is found by finding all planes 
which are scheduled to arrive too early, for each such plane finding the amount of time by which it is 
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Fitness= INVALIDYENALTY (If Applicable) 
+ CLASHYENALTY (If Applicable) 

+ No_planes_too_close * TQQ_CLOSEYENALTY 
+ No_planes_adj_too_close * ADJ_PENALTY 

+ totaLearly *EARLY YENALTY 
+ totaLdelay * DELAYYENALTY 

Penalty Description Val 
INVALID The schedule is invalid for any 100 

reason. 
CLASH Two planes scheduled to land 10 

at the same time. 
TOO-CLOSE Planes are scheduled to land on 10 

the same runway without an 
adequate time gap. 

ADJ Planes are scheduled to land 10 
on adjacent or crossed runways 
without an adequate time gap 

EARLY A plane scheduled to land too 3 
early. 

DELAY A plane is scheduled to land 1 
too long after its optimal land-
ing time. 

Figure 3: Fitness Function and Penalties 

too early and computing the total for all early planes. TotaLdelay is the result of a similar calculation 
for planes which are scheduled to land later than their optimal time. 

The relative sizes of the penalties can be roughly determined from domain knowledge, for example an 
invalid schedule must be heavily punished, while a plane landing after a small delay should only receive 
a small penalty. Determining the actual sizes of the penalties was mostly an empirical exercise. 

4.3 Genetic Operators 

We ha.ve compared standard binary crossover and mutation operators and modified binary crossover and 
mutation operators. The modifications are based on domain knowledge: Since we desire that the early 
parts of schedules do not change very much (a domain requirement) we decrease the probability of a 
mutation or crossover at the beginning of the chromosomes and increase it the end of the chromosome. 
Note that, due to the encoding, recently arrived planes are represented toward the end of the chromosome. 
Thus the operators tend to leave alone planes that have been in the system for some time and focus on 
newer arrivals. 

For our chosen encoding there are no straightforward ways of repairing invalid solutions or modifying 
the crossover and mutation operators to ensure that illegal solutions cannot arise. We use the fitness 
function to heavily penalize invalid solutions thus lowering the probability of their being selected for 
reproduction. 

5 Results 

The runs were carried out using a modified version of GAUCSD[4] using the elitist (10%) strategy. All 
runs up to 50,000 trials completed in less than 30 seconds on a SPARC workstation. 
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In a deployed scheduling system it is absolutely imperative for the system to deliver a valid schedule on 
demand. The schedule should be optimal or very close to optimal. Thus in our experiments we have 
focused on the number of valid schedules in the population, the fitness of the schedules, and how they 
vary with genetic algorithm parameters. Ideally we would like to find the settings which give the best 
possible results on both measures. 

Special Operators Standard Operators 
Trials Seeding No Seeding Seed No Seeding 

500 53.17 47.67 56.94 47.20 
1,000 53.96 46.55 55.65 49.48 
2,000 65.75 48.97 58.95 45.47 
5,000 48.10 50.20 55.94 50.12 

10,000 62.81 51.61 65.63 55.49 
50,000 58.00 44.76 56.79 49.07 

Table 1: Percentage of Valid Solutions. Population= 50, Crossover rate = 0.1, Mutation rate = 0.01 

We expected that the number of valid schedules would stay relatively constant and the fitness would 
increase uniformly with the number of trials, but, as the tables below show, this turned out not to be 
the case. 

Tables 1 and 2 show the results of a number of runs whose goal was to determine whether the seeding 
approach was better than starting from scratch. Table 1 shows the number of valid schedules in the 
population as the number of trials increases. The results for seeding are clearly superior. We expected 
that the runs where seeding was not used would start with a lower number of valid schedules but would 
eventually reach the performance as when seeding was used. This turned out not to be the case. The 
non seeding performance never 'catches up' to the seeding performance. The same result is evident in 
the fitness of the best solutions as shown table 2. 

Special Operators Standard Operators 
Trials Seeding No Seeding Seeding No Seeding 

500 289.46 348.37 228.06 370.74 
1,000 268.58 368.12 233.59 312.12 
2,000 159.57 327.60 183.34 335.16 
5,000 297.42 327.71 243.49 313.44 

10,000 166.74 261.28 167.84 206.54 
50,000 278.19 373.07 238.42 321.81 

Table 2: Best Fitness. Population= 50, Crossover rate = 0.1, Mutation rate= 0.01 

Tables 1 and 2 also show comparisons of results with our special crossover and mutation operators and 
the standard binary ones. Comparison of columns 2 and 4 and 3 and 5 of table 1, and 2 and 4 and 3 
and 5 of table 2 reveals that there is no real difference. 

Tables 3 and 4 were generated only for the seeding approach. They show how the number of valid 
solutions changes with population size, mutation and crossover rates. Results for both the special and 
standard crossover and mutation operators are shown. 

The best results for both number of valid solutions and fitness were obtained for a high population size 
(500), a high crossover rate (0.6) and a very low mutation rate (0.001) after 20,000 trials and using the 
standard binary crossover and mutation operators. In general better results are associated with a high 
population and a low mutation rate. There is no clear superiority of the special crossover and mutation 
operators over the standard ones or vice versa. 

As notes earlier we expected the fitness of the schedules to increase as the number of trials increased. 
As can be seen from the results its behaviour was somewhat erratic. Further investigation is needed to 
determine the reason for this. 
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Special xover and mutation 
Run Pop X over M ut %Valid %Valid 

Rate Rate 2,000 Trials 20,000 Trials 
1 500 0.1 0.1 66.54 67.24 
2 500 0.6 0.001 64.82 63.11 
3 50 0.6 0.01 52.68 45.88 
4 50 0.1 0.1 57.38 55.85 
5 50 0.1 0.01 65.75 50.51 

Standard xover and mutation 
Run Pop X over M ut %Valid %Valid 

Rate Rate 2,000 Trials 20,000 Trials 
1 500 0.1 0.1 55.59 58.38 
2 500 0.6 0.001 67.72 68.77 
3 50 0.6 0.01 58.29 60.01 
4 50 0.1 0.1 58.04 57.26 
5 50 0.1 0.01 58.95 62.47 

Table 3: Percent of valid solutions for different GA parameter values 

6 Conclusions 

The major goal of this work was to determine whether it was possible to develop an anytime algorithm 
based on genetic algorithms for scheduling aircraft landing times. We have established that such an 
algorithm can generate good schedules in the time available between landings. Thorough inspection 
and validation of the generated schedules by domain experts has not yet been done, but preliminary 
indications are that the schedules are of high quality and could be used at Sydney airport. 

The application involves a sequence of scheduling problems since new schedules must be generated 
when planes land and new planes enter the scheduling horizon. Seeding new optimization runs from 
the chromosomes available at the end of the previous problem has turned out to be very satisfactory. 
Seeding leads to improved the fitness and a higher number of valid solutions in the population. 

Domain knowledge suggested that specialized crossover and mutation operators which favoured newly 
arrived planes at the end of the chromosome might give improved performance. However they did not 
result in auy real improvement over the standard operators. 

We have established that genetic algorithms can produce high quality schedules in real time. The next 
stage in the development of a scheduling system based on genetic algorithms is to investigate whether 
the air traffic controllers' preferences, special requirements and exceptions can be adequately captured 
in the fitness function. 
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Abstract 
Open shop scheduling problems are among the most difficult combinatorial problems 

to solve, with most variations of the problem known to be N P-hard. In past few years, 
several implementation of genetic algorithm have been proposed to solve the problems. 
A central part for building a genetic algorithm to the problem is the encoding method, 
which conditions all subsequent steps. In this paper, we give a comparative study on three 
encoding methods: order-based encoding, random key-based encoding and operation-based 
encoding to show the advantages and disadvantages of them. 

Key Words: Genetic algorithms, Encoding method, Open shop scheduling problem. 

1 Introduction 
Consider scheduling n jobs on m machines. Each job must be processed by each machine, and if there is 
no prescribed order of any job through the machines, the system is called an open shop. The open shop 
scheduling problems are among the most difficult combinatorial problems to solve, with most variations 
of the problem known to be N P-hard. If all jobs have identical processing times, the problem is called 
unit execution time problem, which is a special case of the problem [1] [2]. Efficient algorithms have been 
developed for this special case, but any efficient methods have not reported for the general case yet. 

In recent years, a growing body of literature suggests the use of genetic algorithms for combinatorial 
optimization problems, especially, an interest in using genetic algorithms to solve the job shop scheduling 
problems has been growing rapidly in past few years [3]- [5]. As we know that the open shop scheduling 
problem is a special case of the job shop scheduling problem by relaxing the precedence constraints among 
jobs. Therefore, all methods developed for the job shop scheduling problem are applicable to the open 
shop scheduling problem. 

In this paper, we examine the open shop scheduling problem with general processing times and an 
objective of minimal makespan. The problem can be formally stated as follows: 

1. There are n independent jobs, denoted as jl. h, ... , in, and m parallel machines, denoted as m 1 , 

2. Each job consists of m operations. 

3. The operations j of job i is processed on machine j for tij time units. 

4. The processing order of operations of a job is immaterial. 

5. Each machine can process only one job at a time and a job cannot visit two machines at a time. 

6. No preemption of processing is allowed. 

7. The objective is to minimize the makespan for processing all jobs. 

Three implementations of genetic algorithms with order-based encoding, random key-based encoding 
and operation-based encoding are built for the open shop scheduling problem. These encoding methods 
were originally proposed for the job shop scheduling problems. A comparative study is given to show the 
advantages and disadvantages of each encoding methods. 
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2 Representation 

Genetic algorithms are powerful and broadly applicable stochastic search method based on the principles 
of evolution and heredity. Genetic algorithms have shown great power with very promising results from 
experimentation and practice of many industrial engineering areas [6]. A very important issue in building 
a genetic algorithm for a given problem is to devise an appropriate representation of solutions so as to 
yield an efficient genetic search. In past few years, several encoding methods have been proposed for 
the job shop scheduling problem. We select three encoding methods from them due to that the selected 
encoding methods are easy to apply to the open shop scheduling problem. In this section, we will give a 
brief explanation to each method in turn, using an example of 3-job 3-machine problem given in Table 1. 

Table 1: An example of 3-job 3-machine problem 

Job 
processing time 
m1 m2 m a 

ii 3 3 2 
ia 1 5 3 
i3 3 2 3 

Let o;; denote the operation of job i to be processed on machine j. Then the operation ID for oii is an 
integer number within the closed interval [1, nxm] calculated as (i -1)x (the number of operations)+ j. 
The essence of the problem considered in the study is to make the best processing order of jobs on each 
machine. We intend to use genetic algorithms to evolve such an order of jobs. Therefore, chromosome 
can represent a unique job processing order. As we know a gene contains two kinds of information: 

locus: the position of a gene located within the structure of a chromosome, 

allele: the value the gene takes. 

By interpreting one factor as the operation ID and another as the processing order, we can obtain 
several encoding methods for the open shop scheduling problem. Note that, the decoding processes for 
the following three representation methods can always generate active schedules. 

2.1 Order-based representation 
In this representation, the allele is used to represent an operation ID and the locus is used to represent 
the processing order as shown in Figure 1 (6]. 

1 2 3 4 s 6 7 a 9 locus: processing older 

2 4 8 5 1 7 3 9 6 allele: operation ID 

Figure 1: An example of order-based encoding 

The chromosome in Figure 1 defines a unique job processing order. Operations o11 , o21 and o31 are 
processed on machine 1. According to the encoding, the processing order should be o21 -+ o11 -+ o31 • 

Operations o12 , o22 and o32 are processed on machine 2. Their processing order should be o12 -+ o32 -+ 

o22 • Operations o13 , o23 and o33 are processed on machine 3. Their processing order should be o13 -+ o33 
-+ o23 . Accordingly, a feasible schedule constructed with the chromosome in Figure 1 is shown in Figure 
2. 

Australian Journal of Intelligent Information Processing Systems Spring/Summer 1997 



216 

0 3 6 9 10 13 ' 
Figure 2: A feasible schedule constructed with the chromosome given in Figure 1 

2.2 Random key-based representation 
Random key-based representation was first applied to a genetic algorithm for job shop scheduling by 
Bean [7]. In this representation, the locus is used to represent an operation ID and the allele is used to 
represent the processing order as shown in Figure 3, where a gene takes a random decimal number form 
the open interval of (0, 1). These values are used as sort keys to determine the processing order. 

12 3 4 56 7 6 9 locus: operation ID 

10.221 0.371 0.9810.1210.4610.8410.9110.251 0.611 allele: processing order 

Figure 3: An example of random key-based encoding 

The chromosome given in Figure 3 defines a unique job processing order. For operations o11 , o21 and 
o31 to be processed on machine 1, sorting the keys of these operations in descending order results in the 
job sequence o31 ~ ou ~ o21 . For operations o12, 022, o32 on machine 2, sorting their keys results in 
the job processing order 022 ~ 012 ~ 032 - For operations 013, 023 and o 33 on machine 3, their order is 
o13 ~ o23 ~ o33 . Accordingly, a feasible schedule constructed with the chromosome given in Figure 3 is 
shown in Figure 4. 

OH 

0.22 

033 

0 2 5 6 10 12 t 

Figure 4: A feasible schedule constructed with the chromosome given in Figure 3 

2.3 Operation-based representation 
The representation was originally proposed by Tsujimura et al. [3] - [5] for the job shop scheduling 
problem to handle the precedence constraint. For ann-job m-machine problem, a chromosome contains 
n X m genes. Each job appears in the chromosome exactly m times, and each repeat (each gene) does 
not indicate a fixed operation of a job, but refers to an operation which is context-dependent. An active 
schedule can be generated by a one-pass heuristic from the chromosome. The procedure of one-pass 
heuristic is as follows: 

Step 1: the first gene is scheduled first, 

Step 2: the second gene is considered, and so on. 
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Because a gene may correspond to more than one operations, we first find out all its candidate oper-
ations, and then schedule the one which can be started earliest. Tie is broken down at random. Each 
operation under treatment is allocated to the best available processing time for the corresponding ma-
chine the operation required. The process is repeated until all operations are scheduled. Let us illustrate 
it with the same example in Table 1. Suppose a chromosome be [ 3 2 2 1 1 2 3 1 3). An active schedule 
corresponding to the chromosome is shown in Figure 5. 

m 1 o.sl 

m2 Ol2 

m3 o.u 

0 3 6 9 11 t 

Figure 5: A feasible schedule constructed from the chromosome 

3 Implementations of Genetic Algorithms 
Three implementations of genetic algorithms based on the three encoding methods have been developed. 
For the case with the order-based representation, partially matched crossover (PMX) [8] was used. For 
the case with the random key-based representation, 2-cut point crossover [6] was used. For the case with 
the operation-based representation, partial schedule exchange crossover (PSX) [3] [5] [6] was used . The 
PSX can be viewed as a kind of variation of PMX adapted to the operation-based representation. The 
swap mutation operation [2] [6] was used in each GAin common. 

Evaluation phase contains the following three main steps: 

Step 1: convert a chromosome to a schedule, 

Step 2: calculate the makespan objective, 

Step 3: convert objective value into fitness value as 1/makespan. 

In selection phase, roulette wheel approach was adopted [6]. The elitist selection strategy was combined 
with the roulette wheel approach in order to preserve the best chromosome into next generation and 
overcome stochastic sampling error. 

4 Comparative Experiments and Discussions 
Primary computational experiments were done on an instance of 10-job 10-machine problem, which is 
obtained by relaxing the precedence constraints on Fisher and Thompson's benchmark problem of the 
job shop scheduling problem [9]. The parameter setting for all cases is given in Table 2. 

Table 2: GA parameter setting 

pop_size 40 
maxgen 500 

Pc 0.3 
Pm 0.1 

Under the same conditions, we run each GA (operation-based GA, random key-based GA and order-
based GA) 20 times with different random number seeds. Figure 6 shows the convergent process of each 
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Figure 6: The convergent processes for each GA implementation 

GA, where data are the average values among 20 runs for each case. From the result, we can observe 
that the operation-based GA is dominated by the others. The statistical results on the best value, worst 
value, average value and standard deviation among 20 runs for each GA implementation are summarized 
in Table 3. 

Table 3: The statistical results for each GA implementation 

operation 
mm 681 
max 702 
ave. 692.75 
std. 6.12 

order 
681 
688 

681.5 
1.61 

random key 
681 
709 

688.45 
7.56 

From the results we can observe that, even though three GA implementations can obtain the same best 
value, order-based GA has a very small standard deviation, which means that the order-based GA has 
higher probability to obtain the best value than the others. From the point of view of standard deviation, 
random key-based GA behaved worst. 

The comparative result on execution times of each GA implementation is given in Figure 7. From 
the results, we can observe that random key-based GA is the most time cost one. This may be caused 
by sorting random keys. The operation-based GA is the least time cost one. From overall adjustment, 
order-based GA seems to be the best one for the open shop scheduling problem due to its simplicity, 
easy-to-implementation, high probability to obtain a good solution, fast convergence and less time cost. 

5 Conclusions 

In this study, we have given a comparative study on three encoding methods for the open shop scheduling 
problem with a general processing time and a minimal makespan objective. Three implementations of 
GA based on order-based encoding method, random key-based encoding method and operation-based 
encoding method were developed. Primary computational experiment results demonstrated that order-
based GA seems to be the best choice for the open shop scheduling problem. 

The further interesting of our study is to compare these GA implementations on the complex open 
shop scheduling problems, including non-regular measure case, multiple criteria case, as well as due 
date-constraint case, and other side constraints. 
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Abstract 

In this paper, we present a new approach of the genetic algorithm for solving bicriteria transportation 
problem with fuzzy coefficients. The transportation cost and transportation time were considered and d~scribed 
as fuzzy data. The Priifer number encoding based on a spanning tree is used to representing the transportation 
graph. The criterion of feasibility for a chromosome was designed. The ranking fuzzy numbers with integral 
value was used to evaluate chromosomes. Finally, numerical experiments will be shown the efficiency of the 
proposed algorithm. 

Key words: bicriteria optimization, transportation problem, spanning tree, genetic algorithm 

1 Introduction 
The real-world situations are often not so deterministic. Thus precise mathematical models are not enough 
to tackle all practical problems. To deal with imprecision/uncertainty, concepts and techniques of probability 
theory are usually employed. And a common problem of these imprecision conditions is the difficulty for 
determining the proper values of model parameters. Fuzzy set theory has been applied to techniques of linear 
and non-linear programming, integer programming, multicriteria decision-making and so on. It helps to improve 
oversimplified (crisp) models and provides more robust and flexible models for real-world complex systems. On 
the consideration of practical models, it is necessary to use fuzzy numbers to represent the imprecise conditions. 
One way of handling such uncertainty in decision making is fuzzy mathematical programming. Kaufwann and 
Gupta (6] firstly examined fuzzy transportation problem considering fuzzy coefficients. 

Recently, there are many investigations using evolutionary approaches to solve the variety transportation 
problems. Michalewicz et al. [10, 13] firstly discussed the use of genetic algorithm (GA) for solving linear 
and nonlinear transportation problems. They used these problems as an example of constrained optimization 
problems, and investigated how to handle such constraints with GA. The matrix representation was used to 
construct a chromosome and designed the matrix-based crossover and mutation in their investigation. Gen 
et. al. [3] further extended Michalewicz's works to bicriteria linear transportation problem and bicriteria solid 
transportation problem. They embedded the basic idea of criteria space approach in evaluation phase so as to 
force genetic search towards exploiting the nondominated points in the criteria space. Also they investigated 
multicriteria solid transportation problem in fuzzy environment by genetic algorithm approach [7]. Jimenez et 
al. [4] presented the formulations for interval and fuzzy solid transportation problem. And proposed a genetic 
algorithm based on three-dimensional matrix representation which can be applied to find a" good" fuzzy solution 
to the fuzzy solid transportation problem [5]. 

However, in more real-world transportation problems to be solved it will have a large-scale problem. For 
the problem with m origins and n destinations the matrix-based representation for a solution requires m x n 
memories in the evolutionary process. It requires so much memories in the development of implementation, and 
will be spent more computational time. So the spanning tree-based genetic algorithm was proposed by Li et al. 
for solving linear bicriteria transportation problem and the computational simulation results were given that 
proposed spanning tree-based genetic algorithm is better than the matrix-based genetic algorithm [8]. 

In this paper, we present a solution method for solving bicriteria transportation problem(BTP) with fuzzy 
coefficients. Transportation problem as a special type of the network problems has a special data structure in 
solution characterized as a transportation graph. We focus on this special graph and utilize the Priifer number 
[1] encoding based on a spanning tree which is adopted as it is capable of equally and uniquely representing all 
possible trees. Using the Prtifer number representation the memory only requires m + n - 2 on the problem. 
Transportation problem have separable set of nodes that from origins and destinations. From this point, we 
design the criterion for feasibility of the chromosome. For ranking the fuzzy numbers, we use a ranking method 
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Figure 1: Illustration of a basis on the transportation tableau and the transportation graph. 

offuzzy numbers with integral value (9). The mixed strategy with (J.t+ >.)-selection and roulette wheel selection 
is used. The proposed algorithm can find Pareto solutions for the bicriteria transportation problem with fuzzy 
coefficients in the criterion space. Finally, numerical experiments will be shown the efficiency of the proposed 
algorithm. 

2 Problem Description 
In some transportation systems, the influence of the traffic complication on the transportation system induce 
that some or all of the coefficients of objectives are not exactly known with certainty frequently occur in practice. 
For example as transportation cost, delivery time, and so on. 

Consider the following two objectives: minimizing total transportation cost and minimizing total delivery 
time. Let c!i be fuzzy data representing the transportation . cost of shipping one unit that from origin i to 
destination j, c;j be fuzzy data representing the delivery time of shipping one unit of tne product t.hat from 
origin i to destination j, ai be the number of units available at origin i, and bj be the number of units demanded 
at destination j . This problem with m origins and n destinations can be formulated as follows: 

m n 

min Zl = L L cfjXij 
i=l j=l 
m n 

min Z2 = 2:.: 2:.: c;jXij 
i=1 j=l 

n 

s.t. LXij$ai, ·i = 1,2,· ··,m 
j=l 
m 

LXij2:bj, j=1,2,···,n 
i=1 

Xij 2: 0, \:I i, j 

where Xij is the unknown quantity to be transported from origin i to destination j . 
Transportation problem has some characteristics in solution: 

(1} it has m+ n- 1 basic variables and they correspond to some cell in the transportation tableau, 
(2) the basis must be transportation tree, that is, there must be at least one basic cell in each row and in each 

column of the transportation tableau and 
(3) the basis should not contain a cycle. 

It is illustrated with one of basis solution in Figure 1. 
Denote that origins 1, 2, ... ,m as the components of the origin set 0 = {1, 2, .. . ,m} and denote that des-

tinations m + 1, .. . m + n as the components of the destination set D = {m + 1, ... , m + n} . Obviously, the 
transportation problem has m + n nodes and m x n edges. 

Here, we assume a balanced tra.nsportation problem that the total supply ~~~1 a i is equal to total demand 
~7=1 bj. Because the unbalanced transportation problem with a dummy origin or a dummy destination can be 
converted to a balanced transportation problem. 

In a multiobjective context, criteria are usually conflicting each other in nature and the concept of optimal 
solution gives place to the concept ofPareto optimal(efficient, nondominated, or non-;nferior) solution.:: . Denot-
ing the feasible set in decision space by F, for the multicriteria optimization we can get the following definition 
of Pareto optimal solution. 
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Pareto optimal solution: 
A solution x = (x•il is said to be a Pareto optimal solution if and only if there does not exist another 
x E F such that 

zq(x) ~ zq(x) \fq and zp(x) # zp(x) 3p. 

In this paper, Pareto optimal solutions are determined based on the ranked values of fuzzy objectives and 
genetic algorithm is used to search this kind of Pareto optimal solutions. In the fuzzy environment, the Pareto 
optimal solutions are defined as follows: 

Definition 1: A solution x = (Xij] is said to be a Pareto optimal solution for fuzzy BTP if and only if there 
does not exist another x E F such that 

R(zq(x)) ~ R(zq(x}) \fq and 
R(zp(x)) t= R(zp(x)) 3p. 

where R(·) is called ranking function, and zq is fuzzy number of q-th objective value. 

Several methods for ranking fuzzy numbers have been proposed (6], (9). In this paper, the integral value of 
fuzzy number is used as ranking function. In next section we will explain the expression for integral value of 
fuzzy number and the criteria of ranking fuzzy numbers. 

3 Ranking Fuzzy Numbers 
Here, we use the Lion and Wang's method to rank the fuzzy numbers. This method ranks fuzzy numbers, which 
can be triangular, trapezoidal, with integral value instead of a relative value. The left integral value is used to 
reflect the pessimistic viewpoint and the right integral value is used to reflect the optimistic viewpoint of the 
decision-maker. A convex combination of right and left integral values through an index of optimisni is caHed 
the total integral value. Denote h(A) and lR(A) are left and right integral value for a triangular fuzzy number 
A= (a1, a2, a3). The total integral value I~(A) of the fuzzy number A with a degree of optimism a of a decision 
maker is 

alR(A) + (1 - a)h(A) 
1 
2(aa3 + a2 + (1 - a)a1] (1) 

when a E (0, 1] is given. A large a indicates a higher degree of optimism (9] . Especially, when a = 0, the total 
integral value tj.(A) which represents a pessimistic decision maker 's viewpoint is equal to the left integral value 
of A, i.e. h(A). For an optimistic decision maker, i.e. a= 1, the total integral value I.}(A) is equal to lR(A). 
And for a moderate decision maker, a= 0.5, the total integral value becomes J~·5 (A) = ~[IR(A) +h(A)] which 
the integral value is same as ordinary representatives [6]. 

This total integral value of fuzzy numbers is used as the ranking function. For any fuzzy numbers rL and Aj, 
we have the following criteria for ranking fuzzy numbers: if I.f(A;) < J.f(.A.j), then A;< A3; if J.f(A:;) = I.f(Aj), 
then Ai = A3; if I.f(A;) > I~(Aj), then A;> Aj. The more full details of the method refer to reference [9] . 

4 Spanning Tree-based Genetic Algorithm 
4.1 Representation 
The genetic representation is a kind of data structure which represents the candidate solution of the problem in 
coding space. Usually different problems have different data structures or genetic representations. Transporta-
tion graph in Figure 1 can be represented as a spanning tree such as in Figure 2. 

For a complete graph with p nodes, there are p<P-2l distinct labeled trees. This means that we can use only 
permutation of p - 2 digits in order to uniquely represent a tree with p nodes where each digit is an integer 
between 1 and p inclusive. For any tree there are always at least two leaf nodes. 

Priifer number is one of the node encoding for the tree. It can be used to encode a transportation tree. The 
constructive procedure for a Priifer number according to a tree is as follows: 

Procedure: Convert Tree to Priifer Number 
Step 1. Let i be the lowest numbered leaf node in tree T . Let j be the node which is the predecessor of i. 

Then j becomes the rightmost digit of Priifer number P(T), P(T) is built up by appending digits to the 
right; thus, P(T) is built and read from left to right. 

Step 2. Remove i and the edge (i, j) from further consideration. Thus, i is no longer considered at all and if i 
is the only successor of j, then j becomes a leaf node. 

Step 3. If only two nodes remain to be considered, then P(T) has been formed, stop; else return to Step 1. 
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P(l) = [ 1 7 2 2 7 3] 

Figure 2: A spanning tree and its Priifer number 

Each node in the transportation problem has its quantity of supply or demand, which are characterized as 
constraints. Therefore to construct a transportation tree, the constraint of nodes must be considered. From a 
Priifer number, an unique transportation tree also is possible to be generated by the following procedure: 

Procedure: Convert Priifer Number to Transportation Tree 

Step 1. Let P(T) be the original Priifer number and let P(T) be the set of all nodes that are not part of P(T) 
and designed as eligible for consideration. 

Step 2. Repeat the process (2.1)-(2.5) until no digits left in P(T). 

(2.1) Let i be the lowest numbered eligible node in P(T). Let j be the leftmost digit of P(T). 

(2.2) If i and j are not in the same set 0 or D, then add the edge (i,j) to tree T . Otherwise, select the 
next digit k from P(T) that not included in the same set with i, exchange j with k, and add the edge 
(i, k) to the tree T. 

(2.3) Remove j(or k) from P(T) and i from P(T). If j(or k) does not occur anywhere in the remaining 
part of P(T), then put it into P(T). Designate i as no longer eligible. 

(2.4) Assign the available amount of units to Xij = min{Q.i, b;} (or Xik = min{ai, bk} ), where i E 0 and 
j, kED to the edge (i, j) (or (i, k)). 

(2.5) Update availability ai = Q.i - Xij and b; = b;- Xij (or bk = bk - Xik). 

Step 3. If no digit remain in P(T), then there are exactly two nodes , i and j still eligible in i''(T) for 
consideration. Add edge ( i, j) to tree T and form a tree with m + n - 1 edges. 

Step 4: If no available amount of units to assign, then stop. Otherwise, there are remaining supply r and 
demands, add edge (r, s) to tree and assign the available amount of units Xrs = ar = b8 to edge. If there 
exists a cycle, then remove the edge that assigned zero flow. A new spanning tree is formed with m+ n- 1 
edges. 

To illustrate this encoding, we can consider the transportation problem of Table 1 where the supplies, 
demands and costs are indicated. Obviously, there are four origins(plants) and five destinations(warehouse). 

Table 1: Supplies, demands and costs for transportation problem 

plants \ warehouse 4 5 6 7 8 supply 
1 4 4 3 4 8 8 
2 5 8 9 10 15 19 
3 6 2 5 1 12 17 

demand 7 12 6 9 10 44 

The Priifer number with 6 digits given in Figure 2 can be taken as a feasible solution (or chromosome) for this 
example. 

In Figure 2, the Priifer number [ 1 7 2 2 7 3] corresponds to a spanning tree on a 8-node complete graph. The 
construction of the Priifer number is described as follows: Locate the leaf node having the lowest number. In 
this case, it is node 4. Since node 1 is incident to node 4 in the tree, assign 1 to the first digit in the permutation, 
then remove node 4 and edge (1,4). Now, node 1 is the lowest numbered leaf node and node 7 is incident to it, 
assign 7 to the second digit in the permutation and then remove node 7 and edge (1,7). Repeat the process on 
the subtree until edge (3,8) is left and the Priifer number of this tree with 6 digits is finally produced. 

Conversely, the corresponding tree using the Priifer number can be constructed. As the node 4,5,6 and 8 
are not included in P(T), let P(T) be the set of them as P(T) = { 4, 5, 6, 8}. Node 4 is the lowest number in 
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Figure 3: Illustration of crossover and offspring 

P(T). Node 1 is left most digit of P(T). Check this two digit 1 and 4, they are not in the same set that 1 E 0, 
4 E D. Add edge (1,4) to the tree, remove node 4 from P(T) and leftmost digit 1 of P(T) leaving P(T) =[ 7 2 2 
7 3 ]. Because node 1 does not occur in the remaining part of P(T), put it into P(T) = {1, 5, 6, 8} . Assign the 
available amount of units to x14 = min{a1, b4} = min{8, 7}=7. Update a1 = 8- x 14 = 1 and b4 = 7- x 14 = 0. 

Secondly, node 1 is now the lowest digit in P(T) and node 7 is the leftmost digit in remaining P(T). Since 
1 E 0 and 7 E D, add edge (1,7) to the tree, remove 1 from P(T) and the leftmost digit 7 from P(T) leaving 
P(T) =[ 2 2 7 3 ]. Assign the available amount of units to Xl7=min{1,9}=1. Update a1 = 1- x 17=0 and 
b7 = 9- X17=8. 

Repeat the process until P(T)=[ 3] and nodes 7 and 8 are in P(T). Add edge (3 ,7) to the tree, remove the 
last digit 3 of P(T) and node 7 from P(T) . As node 3 no longer occurs in the remaining P(T), it needs putting 
into P(T) leaving P(T) = {3, 8}. Finally, P(T) is empty and only nodes 3 and 8 are in P(T). Add edge (3,8) 
to the tree, then assign the remaining amount to X38 as 10, and stop. The tree in Figure 2 is formed . 

4.2 Initialization 
The initialization of a chromosome(a Priifer number) is performed from that randomly generated m+ n- 2 
digits in range [1, m+ n]. However, it is possible to generate an infeasible chromosome that is not adapted to 
generate a transportation tree. 

Priifer number encoding is not only capable of equally and uniquely representing all possible spanning tree, 
but also explicitly contains the information of node degree that any node with degree d will appear exactly d- 1 
times in the encoding. This means that when a node appears d times in Priifer number, the node exactly have 
d + 1 connections with other node. 

We design the handling for feasibility of the chromosome with the following criterion: Denote that so and SD 

are the sum of connections of nodes which are included in set 0 and D respectively from P(T). Also we denote 
that so and SD are the appearing times of those nodes in F(T) and included in set 0 and D, respectively. If 
so+ so= BD+ SD, then P(T) is feasibility. Otherwise P(T) is infeasible. 

4.3 Genetic Operators 
Here, the one-cut-point crossover operator is used. It is illustrated in Figure 3. For avoiding unnecessary 
decoding from which an infeasible chromosome(a Priifer number) may be generated after crossover operator, 
we add the criterion for feasibility of the chromosome. A Priifer number via this criterion is always feasible and 
can be decoded into a corresponding transportation tree. 

The inversion and displacement mutations are used. Figure 4 and Figure 5 illustrate the inversion and 
displacement mutation operators. The inversion mutation selects two positions within a chromosome at random 
and then inverts the substring between these two positions. The displacement mutation selects a substring at 
random and inserts it in a random position. This two mutation operators always generate feasible chromosomes 
if the parents are feasible, because the criterion so+ so = sv + sv is unchanged after these operations. 
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Figure 5: Illustration of displacement mutation 

4.4 Evaluation and Selection 
In this approach, the evaluation procedure consists of two steps: 

(1) convert a chromosome into a tree, and 

(2) calculate each objective function. 

procedure: evaluation 
begin 

T +- {0}; 
p+- 0; 
define F(T) according to the P(T); 
repeat 

select the leftmost digit from P(T), say i; 
select the eligible node with the lowest 
numbered from f>(T), say j; 
ifi,j E 0 or i,j E D then 

select next digit from P(T) not in the set 
with j, say k; 
exchange k with ·i and take ·i +- k; 

end 
assign the flow: 

Xij +- min{ai,bj}, i E O,j E D; 
T +- T u { Xij}; 

z1 (T) +- z1 (T) + c[jXij; 

z2(T) +- z2(T) +cfixiii 
update available amount: 

ai +- ai - Xiji bj +- bj - Xiji 

remove i from P(T); 
remove j from f>(T); 

225 
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if i does not occur anywhere in remaining 
P(T) then put ·i into F(T); 

end 
p+--p+l; 

until( p ::; m+ n - 2) 
assign the flow for r, sE F(T): 

Xrs +-- min{ar,b8 }, rE O,s E D; 
T +--TU {Xrs}; 
z1 (T) +-- .Z1 (T) + c;.xrs; 
z2(T) +-- z2(T) + c;.xr.; 
repeat 

if a; > 0, V i and bj > 0, V j then 
assign the flow: 

Xij +-- min{a;,bj}, i E O,j E D; 
T +--TU {x;j}; 
update available amount: 

a; +-- ai- Xij; bj +-- bj- Xij; 

end 
zl(T) .-- z1 (T) + ci1 x;1 ; 

.Z2(T) +-- z2(T) + cfJxii; 
until(no available amount) 
if there exists a cycle then 

find edge with zero flow and remove it; 
end 

end 

Fitness function: the fitness function is derived with following way. 

(1) Choose the solution points which contain the minimum I-T(z~•in) (or the maximum I-T(z~a"') ) that cor-
responding to each objective function value, and then compare with the stored solution points at the 
previous generation and select the best points to save again. 

(2) Solve the weights for each objective function and construct the fitness function. 

1: _ ro(-max(t)) _ Jo( - min(t)) 
Uq - ~T Zq T Zq , 

8q 
{3q = "'2 8 ' q = 1 ' 2 

Dq=l q 

2 

q = 1,2 

eval(Tk) = LfJqi-T(zq(Tk)), V k 
q=l 

In the selection procedure, we use the mixed strategy with (J.£ +>.)-selection and roulette wheel selection can 
enforce the best chromosomes into the next generation. 

4.5 Overall Procedure 
Let P(t) be a population of chromosomes, C(t) be the generated chromosomes in current generation t, and E(t) 
be the Pareto solution set generated up to current generation t. 
overall procedure: 
begin 

t <-- 0; 
initialize P(t); 
evaluate P(t); 
determine E(t); 
while (not termination condition) do 
begin 

recombine P(t) to generate C(t); 
evaluate C(t); 
update E(t); 
select P(t + 1) from P(t) and C(t); 
t +-- t + 1; 

end 
end 
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5 Numerical Experiment 
The computer simulations were experimented with the following problem where the coefficients of the problem 
were described as triangular fuzzy numbers(TFN) given Table 2. 

Table 2: TFN of Coefficients in first example with 3 origins and 4 destinations 
1 2 3 4 

objective k c~. c;? c;, c~ o, 
(1, 2, 3) (1, 2, 3) (5, 7, 9) (6, 7, 9) 8 

1 (1, 1, 2) (6, 9, 12) (2, 3, 5) (3, 4, 5) 19 
(6, 8, 10) (7, 9, 10) (2, 4, 6) (5, 6, 8) 17 
(3, 4, 5) (2, 4, 6) (1, 3, 5) (2, 4, 6) 8 

2 (3, 5, 7) (6, 8, 9) (7, 9, 9) (8, 9, 12) 9 
(4, 6, 8) (1, 2, 3) (4, 5, 6) (1, 3, 3) 17 

D· 11 3 14 16 44 

• obtained solutions with optimistic degree(alpha=O) 
• obtained solutions with moderate degree(alpha=O.S) 
• obtained solutions with pessimistic degree(alpha=1) 
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Figure 6: Obtained solutions with three degrees of optimism ((}) in first example 

The coded algorithm was run by 30 times with best mechanism( crossover rate Pc=0.2 and mutation 
rate Prn=0.5) with three different degree of optimism, i.e., (}=0, 0.5, 1. The results with population size 
30 and maximum generation 1000 are shown in Figure 6 which are found in the Pareto frontier. The 
Pareto solutions were obtained based on integral value of each objective function value. The obtained 
8 Pareto solutions on the optimistic case are given as follows: 

(1) solution matrix: 
5 3 0 0 
6 0 0 13 
0 0 14 3 

its corresponding objective values are z1 = (96, 
148, 209), z2=(202, 258, 334), integral value of 
the objective value is (I~(z1), I~(z2))= (74.00, 
129.00), and P(T)=[6 1 4 2 2] . 
(3) solution matrix: 

5 3 0 0 
6 0 13 0 
0 0 1 16 

its corresponding objective values are z1 =(122, 
161, 235), z2=(150, 232, 256), integral value of 
objective value is (IJ].(zl),I~(z2))=(80.5, 116), 
P(T)=[1 4 2 6 3]. 

(2) solution matrix: 
0 3 0 5 
11 0 0 8 
0 0 14 3 

its corresponding objective values are z1 =(111, 
158, 224), Z2=(172, 238, 314), integral value of 
the objective value is (I~(z1 ),IJ].(z2 ))=(79.00, 
119.00), P(T)= [6 2 1 6 2]. 
(4) solution matrix: 

0 3 0 5 
11 0 8 0 

0 0 6 11 

its corresponding objective values are z1 =(127, 
166, 240), Z2=(140, 222, 266), integral value of 
objective value is (J~(i1 ), I¥(.z2 ))=(83, 111), 
P(T)=[5 2 2 6 3]. 
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(5) solution matrix : 
0 3 5 0 

11 0 8 0 
0 0 1 16 

its corresponding objective values are z1 = (137, 
176, 250), Z2=(120, 207, 246), integral value of 
objective value is (Ifj,(z1) , Ifj,(z2))=(88, 103.5), 
P(T)=[7 2 1 6 2]. 
(7) solution matrix; 

0 0 
11 0 

0 3 

6 2 
8 0 
0 14 

its corresponding objective values are z1=(160, 
202, 276), z2=(116, 201, 242), integral value 
of objective value is (Ifj,(z1), Ifj,(z2))=(101, 
100.5), P(T)=[5 2 2 6 1]. 

(6) solution matrix: 
0 2 6 0 

11 0 8 0 
0 1 0 16 

its corresponding objective values are z1=(146, 
186, 260), z2=(l16, 203, 242), integral value of 
objective value is (Ifj,(z1),Ifj,(.Z2))= (93, 101.5), 
P(T)=[2 6 1 5 3] . 
(8) solution matrix: 

0 0 8 0 
11 0 6 2 
0 3 0 14 

its corresponding objective values are z1 =(160, 
204, 276, z2=(116, 199, 246), integral value of 
objective value is (Ifj,(zl),I&(.z2))=(102, 99 .5), 
P(T)=[4 3 4 1 1] . 

Table 3: TFN of Coefficients in the second example with 6 origins and 9 destinations 

objective 1 2 3 4 5 6 7 8 9 
k cf, c~? c~"l c". c~, c~ c~7 c~A c7a 

(1, 1, 3) (1, 2, 3) (5, 7, 9) (6, 7, 9) (2, 4, 5) (6, 7, 8) (4, 5, 6) (1, 3, 5) 789 
(1, 1, 2) (6, 9, 12) (2, 3, 5) (3, 4, 5) (7, 9, 10) (6, 7, 8) (2, 4, 6) (3, 5, 8) (5 , 6, 7) 

1 (6, 8, 10) (7, 9, 10) (2, 4, 6) (5, 6, 8) (5, 6, 8) (1, 4, 5) (6, 9, 11) (3, 5, 7) (8, 9, 12) 
(5, 6, 7) (1, 4, 5) (8, 9, 11) (3, 5, 7) (3, 5, 7) (6, 8, 10) (7, 9, 9) (8 , 9, 12) (9, 11, 13) 
(2, 4, 5) (6, 7, 8) (4, 5, 6) (1, 3, 5) (10, 13, 15) (8, 9, 10) (2, 5, 7) (4, 7, 9) (7, 8, 9) 

(7, 9, 11) (3, 4, 6) (2, 5, 7) (4, 7, 9) (7, 8, 9) (5, 7, 9) (9 , 12, 15) (3, 4, 6) (5, 8, 10) 
(3, 4, 5) (2, 4, 6) (1, 3, 5) (2, 4, 6) (10, 13, 15) (8, 9, 10) (2, 5, 7) (4, 7, 9) (7, 8, 9) 
(3, 5, 7) (6, 8, 9) (7, 9, 9) (8, 9,12) (1, 4, 5) (8, 9, 11) (3, 5, 7) (3, 5, 7) (6, 8, 10) 

2 (4, 6, 8) (1, 2, 3) (4, 5, 6) (1, 3, 3) (6, 9, 12) (2, 3, 5) (8, 9, 10) (2, 5, 7) (4, 7, 9) 
(6, 8, 10) (7, 9, 10) (2, 4, 6) (5, 6, 8) (9, 12, 15) (3, 4, 6) (5, 8, 10) (8, 9, 11) (3, 5, 7) 
(5, 6, 7) (1, 4, 5) (8, 9, 11) (3, 5, 7) (5, 7, 9) (9, 12, 15) (3, 4,6) (5, 8, 10) (3, 4, 6) 
(2, 4, 6) (6, 7, 8) (4, 5, 6) (1, 3, 5) (4, 7, 9) (7, 8, 9) (5, 7, 9) (9, 12,15) (3 , 4, 6) 

D J 11 3 14 16 8 6 10 20 9 

The second example has 6 origins and 9 destinations. The both coefficients of the two objectives are 
representing as triangular fuzzy numbers given in Table 3. The used genetic parameters were tested and 
selected as best mechanism for the problem that crossover rate Pc = 0.2 and mutation rate Pm = 0.5, 
and run by 30 times. Figure 7 shows that the comparison between the three degrees of decision maker 
which are optimistic, moderate and pessimistic degree. The computat ion results indicate that when 
the decision-maker determine this transportation project based on the optimistic degree (n = 0), the 
objective value is smallest on this problem. So the decision-maker can obtain the range of objective 
value that he/she expected under imprecise conditions . 

6 Conclusion 
In this paper, we presented a spanning tree-based genetic algorithm for solving bicriteria transportation 
problem with fuzzy coefficients. In the bicriteria space, the Pareto solutions were determined based on 
the ranked value of fuzzy objective values, and spanning tree-based genetic algorithm was used to search 
this kind of Pareto solutions . The proposed spanning tree-based genet ic algorithm can find the Pareto 
solutions with different degree of optimism that from decision-maker. The computer results indicated 
that the obtah1ed solutions were different with difference degree, and thereby the decision region was 
formed which easy to determine the their decision. The proposed genetic algorithm also can be adapted 
to other transportation problem with spanning tree structure. 
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Abstract 

In this research, we aim at building the unified model for investigating collective behaviors that 
are emergedfrom local interactions among self-interested or rational agents. We formulate the 
knowledge transaction game as a methodology of local interaction among agents. They transact 
each other by exchaging for their valuable private knowledge. The exchanged knowledge is 
shared among agents as common knowledge in the same group. We term such an agent with 
both a selfish-motivation and a social competence as a social agent. We show the optimal 
transaction rules of those social agents depend on the levels of their social competence, and 
then we can classify social agents into several classes depending on their optimal transaction 
strategies. We provide the models for describing and analyzing the collective behavior in a 
group of those heterogeneous social agents in the long-run. We show the complex and interesting 
collective behaviors can be emerged from the very simple local interactions. We especially 
provide the evolutionary explanations of studying the collective behaviors motivated by the 
works of the theory of complex systems. 

1 Introduction 

Notions of self-interested behaviors are the foundation of many fields [2][3][ 4]. Strong interests have 
been given towards for establishing a general theoretical framework for designing of complex systems as 
a society of self-interested or rational agents [7][8][9]. We term such an agent with a selfish-motivation 
as a rational agent. Agents are rational in the sense that they only do what they want to do and what they 
think is in their own best interests, as determined by their own goals and motivations. Rational agents are 
driven by a selfish motivation which leads them to behave optimally based on their own best interests. 
The goal Gf the research is to understand the types of simple local interactions based on the self-interested 
motivations which produce complex and purposive collective behaviors as a whole. We especially 
address the question of how a group of the rational agents with different motivations can achieve 
complex collective behaviors as shown in Fig. I. 

The knowledge transaction and the problem of sharing common knowledge among rational agents is 
formulated as non-cooperative games. The local interactions in a group is defined as the set of those 
knowledge transactions among agents. With knowledge transaction, agents exchange their private 
knowledge and they form the common knowledge by exchanging their private knowledge. The agents 
benefit by exchanging their private knowledge if their utility will be increased. Therefore in the game of 
knowledge transaction, each rational agent mutually exchanges his private knowledge so that his utility 
can be improved. Factors such as the value (worth) of knowledge possessed by each agent, the cost for 
acquiring the knowledge should be considered for realizing such knowledge transaction. However, the 
traditional game theory is silent on how the different types of agents may affect equilibrium [6}[11]. We 
discuss how each self-interested agent learns to behave as both a self-interested agent and a social unit. 
Different agents necessarily have different sets of goals, motivations, or cognitive states by virtue of their 
different histories, the different resources they use, different setting they participate in, and so on. As a 
result, it is shown that the optimal transaction rule may vary with the changing social competence of 
agents. We especially address the following questions: If agents make decisions on the basis of his own 
utility by incorporating his social role or social expectations, how his optimal decision will be affected, 
how will the structure of his utility function affect the evolution of their rational behaviors, how will the 
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evolution of individually rational behaviors proceed by changing the distributional patterns of different 
types of agents? 

The ability to evolve is the most important property of the living-systems. Evolution and learning are the 
two most fundamental adaptation process and their relationship is very complex. The evolution of those 
large-scale and complex systems in social, economic, and ecological systems suggests us that we need to 
focus on competitive interactions among self-interested agents. As a collective behaviors in a large-scale 
complex system composed of many individuals, two types of behaviors may occur: each individuals 
mutually interacts and behaves as the components in order to achieve the common object, while at the 
same time, each individual tries to optimize his own object by behaving as a self-interested agent. In this 
paper, we focus the collective behaviors that are emerged from the competitive interactions as their 
constituent parts. These interactions have merits of the careful study of understanding many interesting 
behaviors of a complex system. Especially, we need to understand the following basic issues such as how 
get the architecture of an agent, as a component of a complex system, suited for evolution, how individually 
self-interested behaviors evolve to collective behaviors, and how the structure of each goal (utility) 
function of each agent should be self-modified for globally coordinated behaviors. 

We provide the evolutionary explanation of the collective behaviors based on the knowledge transaction 
in a group. The behaviors of complex systems can be modeled to be emerged from the local and global 
purposive interactions of self-interested agents [1][2][3]. The evolution is guided by both the selfish 
behaviors. We also show how the social competence that provides the motivation for the cooperative 
behavior can be emerged from the interactions. The overall complex system is constructed as a society of 
heterogeneous agents with different sociality. We describe a way of evolution in a group of agents. The 
growth process is guided by the self-interest seeking behavior of each agent. It is shown that the 
possibilities for cooperation may increase when a group is composed of individuals with a diversity of 
interests, ability, and incentives. 

Fig.l Concept of collective behaviors emerged from local interaction with self-interested motivation 

2 Knowledge Transaction as a Methodology for Interaction among Agents 
Many functions and tasks of computers and their networks can be modeled and realized as the transaction 
among agents. In this section, we fonnulate knowledge transaction as a basic methodology for interaction 
.among agents. Every agent behaves so that his interest or incentive is not jeopardized, and he is driven by 
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a selfish motivation which leads him to behave based on the principle of individual optimality. They are 
also selfish in the sense that they only do what they want to do and what they think is in their own best 
interests, as determined by their motivations and the environment. With the knowledge transaction 
among self-interested agents, they mutually exchange their private knowledge such a way that their 
utilities can be improved. Agents need to reason about the value of private knowledge held by the other 
agent in order to exchange his private knowledge. The factors such as the value (worth) of the knowledge 
possessed by each agent, the utility through acquiring the item, and the transaction cost also provides 
effect on the mutual an agreement for knowledge transaction. 

An intelligent behavior is a social phenomenon, and in order to be understand individuals' intelligent 
behaviors, they must be observed and analyzed within its social and cultural environment. However, each 
agent may have different importance on his sociality. We assume that each self-interested agent learn to 
behave as both a self-interested agent and a social member by reflecting the existence of other agents in 
the group or society. Each agent is able to perform meaningful tasks alone, but which requires the 
presence of other agents to fully complete his object. The agents may have different preferences, conflicting 
objectives or they may have the same goal but wish to decentralize the decision-making process in order 
to alleviate the heavy burden [7][ 12]. 

With the claim that each rational agent behaves in a group as both a social agent and a self-interests 
agent, we define the following utility function for each agent in the knowledge transaction. 

(Utility of agent A; after the knowledge transaction) = (Utility of private knowledge) 
+ a; (Utility of common knowledge) (2.1) 

where the factor a; defined as the social factor of the agent Ai represents the relative value of the 
common knowledge to the value of his private knowledge. The sociality of each agent can be described 
by the level of the social factor a, and we show his optimal behavior can be described as the function of 
his social factor. Agents with the high value of a put the high value on the knowledge transaction, and 
transacts with his private knowledge of high value. They may consider that sharing high knowledge with 
other agents is important for such as cooperative joint works. On the other hand, agents with the low 
value of a do not have high value for sharing high knowledge with the other agents. With this 
observation, we can conclude that agents with the high value of a choose the cooperative behaviors, and 
on the other hand agents with the low values choose the selfish behaviors. 

.knowlcc..lgc 

~) 
Fig.2 The Illustration of the knowledge transaction among agents 

As a specific model, we consider a situation in which each agent in a group, G={Ai=l,2, ... ,n} has two 
types of knowledge of high value, denoted by Hi and knowledge of low value, denoted by Li as their 
private knowledge. In this model of knowledge transaction, each agent has two actions as his strategies: 

Hi : Transacts with a piece of knowledge with high value, 

L,: Transacts with a piece of knowledge with low value. i=l ,2, .. .. ,n. (2.2) 
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When agent Ai transacts with a piece of knowledge of low value and his partner agentAi transacts with a 
piece of knowledge of high value or low value, represented as (HL)r the utility of agent Ai is given as 

(2.3) 

where v{' ( Qi \Hi) denotes agent Ai 's evaluation on the worth of knowledge of private knowledge and 
v,c( K v ( H,,(HL)j )) denotes the agentAi 's evaluation on the worth of shared or common knowledge. 

Here, we consider a situation in which two agents, A and B have two types of knowledge of high value, 
denoted by HA (H8 ), and knowledge of low value, denoted by LA (L~ as their private knowledge. We can 
define the utilities of agent A with the different strategies as follows: 

UA(HA,H8 ) = V:(QA '-HA)+ aAv~"(K V (HA,H8 )) """- U~ 

UA(HA.LH) = v:;(nA "HA)+ aAv5;(K V (H/1 .Le))== u~ 
UA(LA.Hn) =v:;(nA'-L") +a"v~·(Kv(LA,Hn)) == U~ 

U"(L",L8 ) = v:;(n" '-LA) +a"v~·(Kv(L",L8 )) == U~ 

(2.4) 

The optimal behavior of each agent can be defined by comparing the above utilities resulted from the 
knowledge transaction with the specific strategy. In order to realize the knowledge transaction, between 
two agents, both their individual and group rationalities should be satisfied, and those concepts are 
defined as follows: 

Condition 1: Individual Rationality 

Each agent utility should be maximized with respect to his transaction strategies. 

Condition 2: Social Rationality 

In the case when an agreement is reached, no agent's utility will decline, and no one will be improved 
by any means, and the overall utility of the agents is higher when in the case of cooperative behavior than 
that of when individually behaved. 

Using (2.3), we can induce as follows: 

U!- U~ = u .... (H .... ,H8 )- u .... (L .... ,H8 ) 

= v~(n .... \ L")- v~(n .... \H .... )+ a,..(v;(K v (H .... ,H8 ))- v;(K v (L .... ,H8 ))) 
(2.5) 

By defintion the value of knowledge Hi is greater than that of knowledgeLi , we have the following 
relations: 

v~(n .... \H .... )< v~(n. .... \ L" ), 

We define the following threshold, 

Therefore, from (2.5), we have the following relation 

I) if 

if 

Q < a A ~ a; then u~ :::; u~ 

a; :::; aA then U! ~ u~ 

Similarly, we have the following relation: 
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(2.7) 

(2.8) 

(2.9) 
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We also define the following factor. 

U~- U~ = U,..(H,..,Lu)- U,,(L,..,Lu) 
= v:,'(n,.. '\ L,..)- V::(n, '\ H,) +a, ( v~·(K v (H,.. , Lu )) - v;;:(K v (L,, Lu ))) 

Similarly we also define the following threshold, 

V::(O,..'\..L,..)-V::(n,.. '\ H,) _ .. 
a,..(D.,..,K) "" v~· (K v (H,..,L,))- v~·(K v (L,..,L,.)) = a,.. 

Then from (2.1 0), we have the following relation 

2) if 

if 

O<aA s; aA· then u~ :-:::; u~ 

aA s; aA then U~ ~ V1 
Therefore if the social factor a; of agent A; satisfies: 

I ) 

then we have 

i=A,B 

(2.1 0) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

Therefore if the social factor a; satisfies the relation in (2.13), the strategy L; becomes the optimal 
strategy of Agent A,. and he transacts with his private knowledge of low value at each time of period 
without regard the types of the other agents. 

If the factor a; satisfies: 

2) i= A,B (2.15) 

then we have 

i=A,B (2.16) 

Therefore if the social factor a; satisfies the relation in (2.14), the strategy H; becomes to be the 
optimal strategy, and Agent A; transacts with his private knowledge of high value at each time of period 
without regard the types of the other agents. 

If the social factor a; satisfies: 

3) 

i=A,B 

then we have 

and if it satisfies 

b) a·sa;sa·. i=A,B 

then we have 

u;' s; u;'. 

i=A,B 

i = A,B 

i =A,B 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

Then both pairs of strategies (HA, H8 ) and (LA, L8 ) become equilibrium solutions. 
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3 Collective Behaviors in a Closed Society 

In this section, we investigate the collective behaviors of the closed group consists of agents with the 
different social factors. The closed group means that there is no entry nor exit. We especially investigate 
the long-run transaction in a group where a finite number of agents are repeatedly matched to play a 
stage game by adjusting their behaviors over time. In the previous section, we showed the optimal 
transaction strategy can be classified into three categories depending on the size of the social factor. As 
an explicit model, we propose the dynamic process which specifies how agents transact over time as they 
learn from their experiences about the distribution patterns of agents in a group. We provide the evolutionary 
explanations of studying the collective behaviors motivated by the works of biologists in evolutionary 
games [6]. At any given moment, a small fraction of the population is given the opportunity of 
observing the exact distribution in the group, and take the best response against it. We assume that there 
are many numbers of random matches within each time period, so that each agent's average payoff in 
that period is equal to the expected payoff. A features of this approach distinguish it from traditional 
approaches, namely each agent is not assumed to be knowledgeable as to correctly anticipate the other 
agent's behavior and each agent only cares about the distribution of behavioral pattern of agents in a 
group. 

A£t-A--X 
Fig.3 The knowledge transaction in a group with the aggregate model 

We especially consider the transaction in the long run in a group of heterogeneous agents, and show the 
collective behavior in a group is determined by the initial distribution of the specific types of agents, 
namely selfish agents and the altruistic agents. Let consider a population of N agents in a group with 
many types of the social factors. We define following types of agent and introduce the following 
notations: 

(I) Selfish agent if his social factor satisfies a;:::; M in( a; ,a.~) 

(2) Oppotunistic agent if his social factor satisfies Min(a; ,a;):::; a; :::; Max(a; ,a;> 

(3) Altruistic agent if his social factor satisfies Max(a; ,a;)~ a; 

H = {number of altruistic agents } 

M= {number of opportunistic agents } 

L = {number of selfish agents } 

H(t) = The number agents who transact with high-value transacted at the t-th transaction 

A selfish agent transacts with the knowledge of low value without regard to his partner. On the other 
hand, an altruistic agent transacts with the knowledge of high value without regard to his partner. An 
oppotunistic agent transacts with the knowledge of low value if his partner transacts with the knowledge 
of low value, and he transacts with the knowledge of high value if his partner transacts with the 
knowledge of high value~ Therefore, the number of agents who transact with the knowledge of high value 
at the transaction period t+ 1 is given by the following recursive equation: 

H(t+ 1 )=H+(H(t)!N)*M (3 .1) 

By noting k = MIN (0 < k < 1) the equation, (3.1) is also described as 
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H(t+l )=H+kH(t) (3.2) 

By solving the equation (3.2), we have the following solution: 

H(t) = k ' H(O) -t- (I - k' )H 
I-k 

By taking the limit of equation (3.3), we have the following relation: 

limH(t) = H = (_!:!_)N (·.· N = L -t- M+ H) 
'~- 1-(M/ N) H -t- L 

(3.3) 

(3.4) 

This result implies that the properties of the knowledge transaction in the long-run depends on the 
proportion of the selfish and altruistic agents. That is, the collective behaviors only depends on the 
proportions of the selfish agents and the altruistic agents to all agents in a group. The oppotunistic agents 
do not give any influence on the collective behaviors in the long run as shown in Fig.4 [5]. 

Opportunistic agents 
~..a...a.a. 

.a;?' 

Fig.4 The Illustration of evolution in a group of rational agents 

4 Collective Behaviors of in a Open Society 

In the previous section, we modeled the evolution in a closed group in which we attempt to derive the 
microscopic properties of individuals' behaviors based on selfish interest seeking. Each agent is modeled 
to behave as both a self-interested agent and a social agent. In this section, we show how the level of 
social competence of each agent in a group influence those collective behaviors. In order to analyze this 
issue, we consider evolution in an open group with new entries and exits as illustrated in Fig.5 [10]. 

The probability of new 
agents who transact with 
high knowledge 

F(p(t)) 

Accum/ative function 
threshhotd 

F((3) 

2t · .. g 
1 " :. 1 

& & ~ ... .. 
g 1 .& 

The rutio of agents who tmnsa::t 
with high knowledge at timet 

p ( t) 

The probability of exiting 
agents who transact with 
high knowledge 

p ( t) 

Fig.S The Illustration of knowledge transaction in a open society 
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Using the notation in (2.4), we define the following value defined by Agent A;'s utility of each possible 
transaction strategy: 

(4.1) 

We define this value as the threshold of Agent A1J=l ,2, ... ,n. We also denote p(t), 0 $; p(t) $1, as the 
proportion of agents in a group who transact with the knowledge of high value at the t-th transaction. 
The expected utility of Agent A1 if he transacts with his high value knowledge (H) and with his low 
value knowledge (L1 ) is given as follows: 

U 1 (H1 ) = p(t)U/ +(I- p(t))U1
2 

U 1 (L1 ) = p(t)U;' + (1- p(t))Ut 

Therefore as his optimal transaction , he will transact with high value knowledge if 

By rearranging (4.3) we also have 

p(t) ~ (Ut- U 1
2 )/(U/ +ut- U 1

2 
- Ui') 

Therefore his optimal strategy is described as follows: 

(I) p(t);:: {3
1 

Transacts with high value knowledge 

(II) p(t) < /31 Transacts with low value knowledge 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

We now define the accumulated distributional pattern of the thresholds {3, i=l,2, ... ,n in a group as 
follows: 

N(/3,.) = ~n(/3,) (4.6) 
#,~!1. 

The portion of the agents in a group whose threshold is less than {3k is given by 

(4.7) 

The proportion of new entries to a group who transact with high value at the t-th transaction is then 
given by F(p(t)). Since the proportion of existing agents from a group who transact with high value 
knowledge at the time period t is given as p(t). Then the dynamic change of p(t), the proportion of 
agents in a group who transact with high value knowledge at the t-th transaction is given as the 
difference of F(p(t)) and p(t), which is given by 

p(t + 1)- p(t) = p(t)- F(p(t)) (4.8) 

Then the collective behaviors at equilibrium of an open group is characterized by the fixed point of the 
accumulated distributional function defined 

(4.9) 

At this equilibrium, an open group with new entries and exits, the number of agents who transact with the 
high value knowledge remains the constant, and which is given by Np*. 
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F((3i) 

F(p(t+ I)) t-----------1 

F(At)) t--- -----L 

F(p'(t)) 

Pi p'(t) p(t)p(t+l) 

Fig.6 An example of collective behaviors at equilibrium 

The overall complex system is constructed as a group of heterogeneous agents with different types of 
sociality. We describe a way of evolution in a group of agents. The growth process is guided by the 
self-interest seeking behavior of each agent. The mechanism has a strong similarity to the nature self-
organizing and growing process. The growth starts from the set of the unstructured organization, with 
many different types of self-interested agents, and the local interactions in a group let to self-organize 
into the whole organization by establishing some stable collective behaviors as a whole. As a specific 
example as shown in Fig.6, there are two stable equilibria E1 and E3. We now consider two types of 
groups, G1 and G

3
• The initial proportion of types of agents in the group G 1 is given the point which is 

slightly less than the point described by E2 The collective behavior of G1 converges to E1 • The initial 
proportion of types of agents in the group G3 is given at the point which is slightly greater than the point 
described by E2 .. The collective behavior of G3 converges to E3 • In these two groups, however, only a 
small difference may exit for the distributional patterns of agents. However, at those two equilibria, we 
can observe the completely different types of collective behaviors. Collective behaviors at equilibrium 
E1 of the group G1• almost every agent behaves as an altruistic agent. At equilibrium E3 of the group G3 . 

however, almost every agent behaves as a selfish agent. 

5 Conclusions 

Concept of knowledge transaction among agents was defined as the interaction. Agents were mode led to 
exchange mutually their private knowledge in order to satisfy their individual optimality. We provided 
evolutionary explanation of the knowledge transaction and sharing problem motivated by the works of 
biologists in evolutionary games. The evolution is guided by both the selfish behaviors. Two features of 
this approach distinguish it from traditional approaches. First, each agent is not assumed to be rational. 
Second, each agent is not assumed to be knowledgeable as to correctly anticipate the other agent's 
choices. It only cares about the distribution of behavioral pattern of agents in a group. We especially 
described and discussed dynamic evolutionary games to studying group behavior that emerged from the 
mutual interactions and cultural scenarios. A complex system, as a collective designation for a large-scale 
and complex nonlinear systems, was defined as the group of a large number of self-interested agents. The 
behaviors emerged from the local purposive interactions of self-interested agents were investigated as the 
properties of complex systems . 
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Abstract 

The need for a new generation of genetic operators is shown by considering a class of constrained continuous 
optimal control problems and a simple, but high dimensional , constrained function minimisation problem. 

1 Introduction 
Evolutionary algorithms (1], (2] are making the transition from academic curiosity to fully fledged industrial tools. 
This means that t hese algorithms are starting to face a new breed of function to optimize, highly non-linear ones 
with large degrees of freedom . While industrial problems may not be as convoluted as t he typical set of 'test' 
problems encountered at conferences, these new real life scenarios bring a new set of hurdles for the evolutionary 
algorithm to overcome. 

In this paper, one particular aspect of these industrial problems will be examined , namely : achieving good 
convergence when there are from several hundred to several thousand real-valued parameters which have to be 
optimized in the presence of equality constraints. 

Even given an engineer's doctrine of always adding 10% for safety, very few engineers are going to trust the 
answers produced by a method that cannot solve 'simple' high dimensional problems accurately. 

Thus, there is a need to take evolutionary algorithms one stage further and show that they can produce 
answers as accurate as the more well established 'tried and true ' classical methods for such problems. 

2 High dimensional problems 
As the number of degrees of freedom increases , so the chance of (randomly) moving m the right direction 
decreases! Consider a simple step function , defined on [-1.0 , 1.0) 

f(x) = 0 

f(x) 1 
llxllinf $ 0.1 
otherwise 

There is no problem in solving this. In a couple of generations any evolutionary algorithm will find the hole. The 
solution space is 10% of the search space. 

Consider the problem in 2 dimensions, the solution space is now only 1% of the search space. In 3 dimensions 
it becomes 0.001 th of the search space . As the dimensions increase so the chances of finding the solution decreases. 

Now instead of thinking of the hole as being an actual solution, consider it to be a descent direction! Think 
of the first dimension being a longitude, wrapped around the equator of a sphere, and the second dimension being 
a latitude running from the north to south pole . The descent directions are defined to lie in a cone centred at 
the centre of the sphere an emerging from the 'hole'. All other directions are 'uphill' directions . How does an 
evolutionary algorithm find such a descent direction in a 200+ dimensional problem. Cer·tainly NOT by random 
perturbations. 

When constraints, especially equality constraints, are added to the problem, in the form of penalty functions, 
then the problem becomes even worse, since then it is very easy to overshoot the descent region. 

3 Constrained continuous optimal control problems 

3.1 Definition of problem 
At Central Queensland University, research is being conducted to develop an evolutionary algorithm to solve 

a whole class of optimal control problems. This class of constrained continuous optimal control problem is defined 
in Fig (1). In general these problems are highly non-linear and the constraints are severely limiting. 
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Minimize 
q it' I= min L cl>;(x,u,p, t) + lj1(x(t1),p, t1) + fo(x,u,p, t)dt 

uEU i:l to 

subject to the following constraints 

dx f(x, u, p, t) dt = 

x(to) xo(xp,p, t) 
g(u,p, t) < 0 

G(x , u,p, t) 0 

g(x, u,p, t) < 0 

llT(x(t!), p, t1) 0 

1/J(x(t!),p, t1) < 0 

it' H(x, u,p, t)dt- h1(x(h),p, it) 0 to 
jt' h(x,u,p, t)dt- h2(x(t!),p, h) < 0 to 

:=:(x,p, u, t) 0 

~(x , p, u, t) < 0 

where 
• to is the initial value of the independent variable. The value of to may or may not be fixed. 

• t1 is the final value of the independent variable . The value of t1 may or may not be fixed. 
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(1) 

(2) 

(3) 
(4) 
(5) 
(6) 
(7) 
(8) 

(9) 

(10) 

(11) 
{12) 

• p is a vector of unknown parameters. p is allowed to take any value within a pre-defined · hypercu be. 

• xp is a vector of unknown parameters which is used to parameterise the initial starting point . xp is allowed to take any 
value within a pre-defined hypercube. 

• x(t) is a n-vector of state variables. u(t) is a m-vector of unknown control variables. 

• 1/1 and fa are real valued functions. 

• f and xo are n-dimensional functions. xo defines the initial starting point of the trajectory. This point can be parame-
terised by using xp and the initial starting time. Since to may or may not be fixed and the system may or may not be 
using 'Miele's' (8] change of variable for the time the parameters p and t are also supplied to x 0 . 

• cl>,:=: and~; are interior point functions. That is each one holds only for a instant somewhere within the range to :=:; t :=:; iJ. 
The tiine at which each one holds may be implicitly defined. (Note that if t is defined explicitly, then they can be handled 
in a quite straight forward manor.) These are actually vector functions. This is a technical nicety, that enables several 
interior point penalties to be active at once. There is no need for these penalties to be related in any way, for example 
they need not occur at the same instant. 

• The functions g and h are assumed to hold over the whole of the interval [to , t1]. Functions that hold for a finite period 
of time, shorter than the full period of integration, can be extended (and thus transformed into the form of g or h) by 
defining them in such a way that they always return zero in the undefined regions. 

Thus the problem is to find the values of u(t) , xp and p, that produce the optimal value of I. 

Figure 1: A Class of Constrained Continuous Optimal Control Problems 
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3.2 Solution approach 
The method used for solving these problems is to approximate the control curve u by a piecewise approximation, 
usually a linear spline. In order to accurately approximate a curve by a linear spline it is necessary to have many 
node points, typically of the order 100. Given that u is m-dimensional, this means that there are over lOOm 
parameters to find . 

This representation is then encoded in an evolution program (5] type structure and a suitably defined set of 
crossover and mutation operators are then applied (11 , 12]. 

3.3 Limited accuracy 
Over the last 2 years, just about every published operator that has appeared even remotely feasible, has been 
considered, modified and implemented, to try and improve the speed of convergence and the overall accuracy of 
the solution. The current algorithm (about 20000 lines of Ada code) can find the neighbourhood of the optimal 
solution consistently and fairly rapidly. However , even for some ' simple textbook' problems, the algorithm fails 
to zero in on the optimal solution with a high degree of accuracy. 

3.4 Analysis of constraints 
Constraints of the form (5) and (7) are of interest in this paper. It is necessary to understand the delicate nature 
of these equality constraints . This is a functional optimisation problem. The optimal solution consists of a 
function, u(t), and possibly two points , xp and p. In this particular case the u(t) is a curve in m-dimensions 
parameterised by time. A given combination of u , xp and p then uniquely define, by application of (2) a trajectory 
x, which is a curve in n-dimensional space. The equality constraint (5) basically says that the control u and the 
trajectory x have to lie in a surface defined in m x n space. 

While u , xp and p are explicitly under the users control, x is implicitly defined, through (2), which is in 
general a highly non-linear relationship . Any perturbation of u , xp or p will cause x to change in a way that is 
very difficult to predict. If u is perturbed over a small interval (t;, t;+l] then changes in x occur at all subsequent 
time points (t;, h] and not just in the local region (t;, t;+d · These perturbations are then integrated over to form 
the performance index (basis of the fitness function) and the constraints. Thus, even if the interval (t;, t;+!] is 
small, the effects of the perturbation in u can be greatly magnified through the subsequent changes in x . 

Since a surface has zero ' thickness ' , it is very likely that the perturbation of a system which did lie in a 
surface, will no longer do so . This shows up as an increased contribution of the associated penalty function in 
the fitness function . In order that the solution remain ' in' the surface or at least close to it, other modifications 
must be applied to cancel out the 'global ' effects. This is a very sensitive task which is beyond the abilities of 
the normal mutation operators. The combination of perturbations must be carefully balanced to ensure that the 
global effects are minimised . 

3.5 Current attempted solutions 
A survey of the literature shows that there are a number of genetic operators that attempt to adapt themselves to 
the local neighbourhood , either trying to determine the correct size of a perturbation, or to attempt to determine 
the correct direction to move in. While these have worked in other problem areas, they are not quite 'intelligent' 
enough for really complicated problems. 

The following brief discussion illustrates why a sample set of these operators breakdown . 

if flip(O. 01) then perturb; It can easily be seen that perturbing an isolated gene or two in the chromosome 
is very unlikely to work. Because of the functional nature of optimal control problems, these perturbations 
do not simply affect the local area. These perturbations have a ' knock on' effect to all subsequent time 
points. Thus even if the perturbation did move the point towards better constraint satisfaction, the other 
'global' effects will out weigh any 'local' benefits. Thus the isolated perturbation of a few alleles is very 
unlikely to result in an overall improvement . 

EP and ES Fogel's evolutionary programming and versions of evolutionary strategies use various forms of Gaus-
sian perturbations to mutate all of the alleles. This mechanism tries to determine the 'velocity ' (size and 
direction) of the chromosomes as they are steadily improved. At this they are quite successful. However, 
they appear to flounder when it is necessary to change direction or are moving with very small speed. This 
problem is exacerbated as the dimensionality of the problem increases. They just randomly hunt for a new 
'descent' direction. 

Differential evolution Storn (16] has developed a radically new type of evolutionary algorithm, Differential 
Evolution. This is similar to evolutionary programming in many respects, however , it has a more explicit self 
scaling mechanism. The perturbations applied to one chromosome are 'calculated' by taking the 'difference' 
of two or more other chromosomes. Thus the size of the perturbation is determined by the relative positions 
of the chromosomes in search space. As the algorithm approaches the optimal value, so the chromosomes 
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will tend to cluster together . As a result the differenc;es will get smaller and hence so will the perturbations. 
This means that the child chromosomes will remain·' in the vicinity of the optimum. 
The advantage that this operator has over the usual forms of crossover , is that the direction of the pertur-
bations are totally arbitrary. They are not limited to the corners of the hypercube (simple crossover) or to 
the diagonal of the hypercube (arithmetic crossover) . 
In its original formulation , this operator, only perturbed a subset of the alleles . However, this can easily 
be extended to modify all of the alleles. Unfortunately, there is no guiding 'intelligence' in selecting the 
directions of these perturbations. 

Michalewicz's boundary operators Michalewicz [7) has designed several (repair) algorithms that move a 
point to a boundary or constraint. This is usually done by fixing all but one of the variables, then determining 
what extreme values that variable can take. This variable is then set to one of these extreme values. This 
works reasonably well for function optimisation with well-behaved (usually convex) constraints . 
On<fe on the constraint boundary, Michalewicz (7) then uses special operators to ensure that the point 
reri;.ains on the boundary. His justifiable reasoning is that' in about 95% of all real world problems, the 
optimum will lie on the constraint boundary. 
Unfortunately, the implicit nature of x, makes this approach difficult if not impossible to implement in 
optimal control problems. If a component of u, which lies in the constraint surface, is perturbed to another 
point, which also lies in the surface, there is very little chance that the subsequent trajectory, x, will remain 
in the surface. The only way of determining the cos t of such a perturbation is to do a full fitness evaluation, 
there is no way of predetermining how badly the constraints will be violated . 

Genocop Ill equality constraints In Genocop Ill [6), Michalewicz defines an f region around the non-linear 
equality constraints, in order to give them some ' thickness'. The algorithm then proceeds by using two 
populations of chromosomes, one set that always lies in the f region and one that does not . The aim is 
for the outside set of chromosomes to explore the search space and to 'drag' the inside points around the 
constraint surface. The internal population also acts as an 'anchor' to keep the external chromosomes in 
the neighbourhood of the constraint. 
This approach cannot work with an optimal control problem because it is very difficult to keep the internal 
population inside the ( neighbourhood of an implicitly defined constraint surface. 

3.6 New approaches 
We propose a new generation of evolutionary operators. These operators need to be: 

Complete perturbations The original concept of using an occasional perturbation of one or two components 
within a chromosome in order to maintain ' genetic diversity' does not work in these highly constrained 
environments. 

Clever With the high dimensionality comes the problem of accurately determining the correct search direction. 

Self-scaling The success of an operator is critically dependent on it being of a similar 'size' to the task it is 
attempting to solve. In classical optimisation, most algorithms claim 'superlinear' or 'quadratic' convergence 
in the neighbourhood of the solution. That is to say, once the algorithm has found an approximate solution 
which is close to the actual solution , it will rapidly converge to the solution. It does this by only using 
information gathered within that neighbourhood! 

3.6.1 Simplex operator 

The traditional mathematical Simplex Method [3 , 9], frequently used as a local hill-climbing mechanism, is built 
about a single parent . The n + 1 vertices being defin ed by v and the n vertices v + r; where r; is a suitable, 
non-zero, perturbation applied to the ith component of v. While this simplex has the very good mathematical 
properties of orthogonality and linear independence, it has no innate awareness of its environment. How big 
should the perturbations be? The approximate size of the perturbations can be gained in a general sense by 
keeping a record of the finishing sizes of previous simplexes. How can the simplex be initialised to lie along 
a valley floor? There is no easy way of determining the correct orientation for the initial configuration of the 
simplex. As a result , a full-dimensional simplex must be created. There is no easy way to mathematically create 
a sub-dimensional simplex that lies in the correct subspace. The simplex algorithm does not scale up to very 
high dimensional problems very well. Rowan [10] has carried out work on modifying the simplex method so that 
it can concentrate on the dimensions of steepest descent . 

In [13], it is proven that the simplex algorithm will work even if the vertices are not linearly independent or 
even if two or more vertices are identical. Given this stability, it is now possible to write a genetic operator 
based on the simplex method that uses several chromosomes as parents. If several (0(10)) parents are selected, 
they can be used to define the vertices of a simplex. This simplex will still be scaled automatically. The distance 
between the chromosomes will reflect the current neighbourhood/stage of the problem. The simplex need not be 
fully dimensional, that is the number of parents chosen can be very much smaller than the number of degrees of 

Australian Journal of Intelligent Information Processing Systems Spring/Summer 1997 



244 

freedom . However the simplex will be orientated in the right direction automatically, since the parents will tend 
to lie along the valley floor. The simplex method is then applied for a fixed number of function evaluations. The 
vertex corresponding to the best position achieved by the simplex then becomes the child chromosome. It can 
be shown that this operator will return an answer at least as good as the best parent. Best results are obtained 
if the usual test for convergence of the simplex is removed and the operator is terminated after a fixed number 
of function evaluations. 

3.6.2 Parabolic operators 

Many traditional minimisation routines incorporate a parabolic fitting algorithm to help determine the minimum 
point of a one dimensional minimisation. This technique can be developed into a genetic operator [14, 15] . 

Given a parent , a child is generated by perturbing every allele by a suitably scaled amount. The child's fitn ess 
is then evaluated. If it is better than the parents then accept it and carry on. However, in general the child 's 
fitness will be worse than that of the parent. This means that the child is located 'up-hill' to the parent. What 
about the exact opposite direction? A second child can be created by reflecting the original child about the 
parent : c' = 2p- c. If the original child was up-hill of the parent then this new child might be 'down-hill' , if it is 
then accept it and carry on . In the case , where the second child is also worse than the parent, then it is possible 
to fit a parabola through the three points whose base lies between the two children. The base then defines the 
position a third child. If this child is better than the parent then accept it. 

The philosophy behind this operator is that well behaved functions tend to behave like a quadratic function 
in the neighbourhood of a (local) optimum. 

3.6.3 Modifying established operators 

The principles behind the parabolic operator can also be applied to various other operators, for example 

Arithmetic crossover If the child (c = ap1 + (1- a)p2) has a better fitness than both of it 's parents, then 
a parabola is again defined and for the cost of one extra function evaluation the point at the base of the 
parabola can also be tested. 

EP and ES If the child created by EP orES is less fit than the parent, then it is usually 'thrown' away. However, 
if the 'mirror image' child is created by reflecting the child through it's parent is also created, then this 
child may be better than the parent, if so accept and proceed. (The reasoning being that the original child 
went uphill to the parent therefore the exact opposite direction might be a downhill direction). If the second 
child is also worse than the parent then again there are three eo-linear points that define a parabola and 
the base can again be investigated. 

Differential evolution In essence, the child of DE has the form c = P1 + f(P2 - P3 ). A perturbation, defined 
by two or more parents is added to the 'main' parent. Again a 'mirror image' child can be defined and 
processed in the same way as for EP and ES above. 

4 Examples 

4.1 Optimal control problem 1 

Minimize 

(13) 

subject to 
(14) 

and 
x(O) = (2, 0) x(l)=(O,O) sqrt(ut(t)u(t))- 1 = 0 (15) 

This problem has been taken from McCausland [4). It has been modified from a free end time problem into a 
fixed end time problem as per Miele [8]; pis a parameter which is the result of this process. The optimal solution, 
u = (-cos(t),sin(t)) with a performance index of 2.0, can easily be found using the Maximum Principle. 

The system of differential equations (14) tie the whole system together. Once, a suitable control u is deter-
mined and a value for the parameter p is picked, the system can be integrated forward , from the initial point 
(15a), until time t = 1. This then determines the corresponding x(t). The u and x values can then be inserted 
into the constraints (15b, c) to see how well they are satisfied and the performance index (13) can be evaluated. 

This example involves three equality constraints. The first is assumed to be satisfied explicitly and can be 
ignored. The third is solely a function of the parameters we are able to control directly. 

However, the second constraint is written in terms of x, which is implicitly determined by the chosen values 
for u . Which way is the correct way to perturb the ·u values to satisfy this constraint? 
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1.0 

0.0 

0.0 1.0 

Figure 2: Optimal solution for control problem 1 

It should also be noted that constraint three is a functional constraint. It does not state that a single point 
should lie in a surface, it requires that a curve lie in a surface. 

A fitness function can be created by incorporating the constraints (15b, c) into the performance index (13) 
by the use of quadratic penalty functions, to give 

(16) 

where k1 and k2 are penalty multiplying factors. 
For the optimal control problem, the addition of the simplex operator to the plethora of operators (including 

arithmetic crossover, 1-, 2-, 3- point crossover, differential evolution, Fogel's evolutionary programming operator, 
Michalewicz mutation operator, local hill-climbing based on the (mathematical) simplex method) already imple-
mented is found to assist in the general convergence of the system. The introduction of the parabolic operator 
during the latter generations of the algorithm produces a significant improvement in the convergence of the algo-
rithm . Further details on the actual algorithm used are given in section 4.3 . The internal equality constraint is 
satisfied to 2 extra significant digits. The overall fitness function continually remained very close to the analytical 
solution. 

Typically, when minimising, the fitness function remains above the known solution value, being made up of 
a slightly undervalued performance index plus a largish penalty t erm. When the evolutionary algorithm reaches 
its limit of resolution , this penalty term begins to grow and the overall fitness function starts to increase as the 
quadratic penalty multipliers are gradually increased. 

When the parabolic operator is added, this no longer applies. Instead the fitness function stays very close to 
the performance index, the penalty terms are kept quite small as the multipliers are increased, so much so that . 
the fitness function may even drop below the analytic value of the performance index. A typical solution is: a 
performance index of 1.999982 with a penalty of 1.147E-5 while the final end point is (-4.719E-11, 1.663E-10) and 
the maximum error in the third constraint of 6.703E-5 (average : 1.446E-5) . This indicates that the parabolic 
operator is helping solve the actual problem, (16) subject to (14) and (15a), extremely accurately. (The analytic 
solution of a problem where the constraints are incorporated as quadratic penalty functions is always slightly to 
one side of the equality surface and has value slightly less than the true solution. For this reason the quadratic 
penalty is referred to as an inexact penalty function.) 
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This is extremely encouraging, as it indicates that the parabolic operator is able to keep the fittest individual 
quite close to the optimal solution for the given penalty multipliers . It is then possible to ' walk' the solution in 
to the correct answer by slowly increasing the values of the multipliers. (Previously, the penalty terms just grew 
as the multipliers were increased beyond a certain level.) 

The parabolic operator was only applied once the solution was known to be in the vicinity of the optimal 
solution, because it was too effective in the early stages and tended to retard the performance of the overall 
evolutionary algorithm by locking in tightly to a local minimum. The solution remained in this basin of attraction 
until the penalty multiplier functions had grown sufficiently large to 'smooth' out the basin and allow the solution 
to escape towards the optimal value. 

4.2 Optimal control problem 2 
Minimize 

1
11 

0 1dt (17) 

subject to 
(18) 

and 
x(O)=(l,O) x(h) = (0 , I) sqrt(u'(t)u(t))- 1 = 0 sqrt(x'(t )x(t)) -1 = 0 (19) 

This problem is similar to the previous one, except that an extra constraint (19d), involving x only, has been 
added and now the final time t1 is free. The analytic solution is u = (cos(t), - s in(t)) with a performance index 
of 1r /2 . The system corresponds to a particle being constrained to move around a quarter arc of the unit circle 
with unit velocity. 

The fourth constraint is written solely in terms of the dependent variable x, the variable u which is under 
explicit control of the evolutionary algorithm is not present. 

A series of test runs where performed to determine the approximate value of it. These resulted in the lower 
and upper bounds of 1.57 and 1.58 respectively. The system was then run with fixed, evenly spaced interior node 
points and only the final node point allowed to vary. The reason for first finding the lower bound on it was to 
ensure that it was greater than the t value of the node immediately before it . This ensured that the system was 
never 'integrated backwards in time'. 

The evolutionary algorithm was then run to determine it and the value of u at 97 (almost) evenly spaced 
nodal points. This gives a total of 195 unknown parameters. 

A typical solution is: a performance index of 1.5707963 while the errors at the end point (19b) are -6 .37136E-10 
and 5.24138E-10. The maximum errors in the two interior equality constraints are 8.6456E-8 (average 4.4753E-8) 
for (19c) and 2.32197E-8 (average 6.927461E-9) for (19d) . 

4.3 System configuration 
Both of these problems were solved using a gene pool of 30 individuals which was evolved for 32000 generations. 
The penalty values k; started at 10.0 and were incremented linearly every 10 generations to a final value of 
100000.0. The integrations were performed using the classical 4th order Runge Kutta algorithm across 2 spline 
intervals giving 48 integration steps for each integration. The approximate probabilities at which the various 
operators were applied are 1-pt crossover : 0.4, 2-pt crossover : 0.2 , 3-pt crossover : 0.1, DE : 0.1, Simplex : 
0.05 (since it involves several function evaluations), arithmetic crossover : 0.05 and parabolic operator (after the 
first :WOO generations) : 0.1. EP and Michalewicz perturbation operator were used as mutation operators with 
probability of applying them to a chromosome of 0.005. (No attempt has currently been made to optimise these 
ratios.) 

4.4 A high dimensional constrained function minimisation 
To illustrate the sever difficulties encountered with high dimensional search spaces, the following problem has 
been constructed to help investigate the new techniques. 

Minimize 
xT x + k(sqrt((x- five)T(x- five))- 4sqrt(n)) 2 (20) 

where k = 1.0£6 1s a quadratic penalty function multiplying factor and n is the dimensionality of the prob-
lem. This is the simple quadratic surface with the constraint that the solution lay on a hypersphere centred at 
(5, 5, . . . , 5) of sufficient radius that it pass through the (optimal) point (1, 1, ... , 1). 

The parabolic operator was seen to have dramatic effects. When n is set to 200 the original genetic algorithm 
struggled to get 3 decimal digits of accuracy in the fitness function and 1-2 decimal places in the components 
of x, whereas with the same number of function evaluations the system augmented with the parabolic operator 
managed to achieve machine accuracy (14 decimal digits) in the fitness function and 6-7 decimal places in the 
components of x. The algorithm appears to converge logarithmically. (Each successive decimal digit is found in 
approximately the same number of generations.) 
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Figure 3: Optimal solution for control problem 2 

5 Conclusions 
Constrained continuous optimal control problems present exceedingly complicated search spaces for Evolutionary 
algorithms. They high-light ·some of the short-comings of the current set of genetic operators and the need for a 
new generation of 'intelligent' operators. The preliminary investigations presented here, show that the simplex 
and parabolic operators may be the first, of hopefully many, new operators capable of working well in the arduous 
high dimensional search spaces that are defined by real-life industrial optimisation problems. 
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Evolutionary Programming Based Modelling Scheme for Fuzzy Systems 
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Abstract 

In this paper an evolutionary programming based fuzzy modelling scheme is proposed. This scheme consists 
of two phases: the first phase is the parameter identification; the second phase is the structure identification. 
Evolutionary programming is operated separately in both phases. To enhance the convergence speed, an 
estimation algorithm for population initialization for evolutionary programming is developed using the 
"winner-takes-all" learning principle. Simulation results are presented to show the effectiveness of the 
approach. 

1. Introduction 

Recently fuzzy systems (fuzzy models) as a complement to traditional mathematical modeling have attracted 
a great deal of interest and have received applications in many areas. Most fuzzy models have been built 
based on expert knowledge and/or operator's experience. However, the expert/operator knowledge is not 
always available due to sheer complexity of practical processes. How to build a fuzzy model without 
expert/operator knowledge from measured or observed data is of interest. To synthesize a fuzzy system 
based on available data, two types of information are needed: one type is information about the system 
structure, i.e. the number of rules and the number of input and output variables, which would significantly 
influence system behaviors; the other type the parameters for fuzzy membership functions and consequent 
functions. 

Various approaches for building fuzzy systems using only measured data have been proposed and extensively 
studied. In particular, a particular class of fuzzy systems, the TS model proposed by Takagi and Sugeno [3-
5], have received a great deal of attention. This is due to the fact that this model is well related to the 
common sense locallinearization approach for dealing with complex systems. The TS model consists of a set 
of fuzzy rules, each of which has fuzzy sets as the premise part and mathematical functions (typically linear 
functions) as the consequent part. Connecting these rules via fuzzy logic ends up in a fuzzy model that may 
represent a complex system. Various methods have been proposed for identification of the TS model. For 
example, Wang and Langari [6] proposed an approach that employs a fuzzy clustering method for premise 
structure and parameter identification and a least square type of recursive algorithm for identification of 
parameters for consequent linear functions. Wu and Yu [12] proposed an iterative approach based on least 
square estimation and genetic algorithms for identification of the structure and parameters of fuzzy systems. 
Most existing results can be classified as clustering based, i.e. they are all based on the idea of grouping data 
into a set of local areas, which may require uniform distribution of the available data. 

In this paper, we propose a complete different modelling scheme for the TS fuzzy model based on the 
evolutionary programming (EP) principle. One justification for using EP is it is simple, comparatively 
computationally light. This characteristic makes it ideal for computationally intensive fuzzy modelling 
process. In contrast to the clustering based modelling approaches, we do not need to cluster data into groups. 
The evolutionary programming approach is applied throughout the modelling process to identify the fuzzy 
model structure and parameters. The advantage of this approach is it can deal with the data which may not be 
uniformly distributed and possible tedious trail and error processes are avoided. To improve the convergence 
speed, an estimation algorithm for the EP population initialization is developed using the "winner-take-all" 
learning principle. Simulation results of two examples are presented to show the effectiveness of the 
approach. 
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This paper is organized as follows. Section 2 presents the basics of the TS model and the evolutionary 
programming approach. Section 3 outlines the EP based modelling scheme. Section 4 gives the simulation 
results for two nonlinear function approximation problems. Conclusion is drawn in Section 5. 

2. Basics of the TS model and EP approach 

2.1 The TS model 

The TS fuzzy model [3] is multi-input and single output system expressed as 

R;: if x1 is A~ and···and x" is A:, 

then / = a;x1 + · · · + a:,x" + b; 
(I) 

where R; ,i = 1···k, is the i-th rule; x;,J = 1···n, input variables, A; the fuzzy set for each input variable and 

/ a linear function. Each fuzzy set A; is associated with a fuzzy membership function. A commonly used 
one is the Gaussian membership function in the form of 

x.-a;. 
A;(x) = exp(-(-1-. -1 n 

J .I fJ' . 
.I 

(2) 

The output of fuzzy system (1) is inferred by weighted average of the crisp output as 

(3) 

where wi, i = 1· · · k , is the implication of the i-th rules in the premise, which may take different implication 
operators. A common operator is 

. . . n . 
w' = A;(x 1)···A;,(x") = f]A~(x;) (4) 

.i=l 

The output of fuzzy system ( 1) can be written as 

k . . k . . . . 
y =L,B'y' =IB'(a;x1 +···+a;,x,+b') (5) 

i=l i=l 

where 

(6) 

From (5), we can see that the model is a weighted (fuzzily) local piecewise linear function forming a 
nonlinear mapping from input to output. The difficult task is to identify the model. 

Although the TS model is simple in terms of formulation from mathematical viewpoint, the complexity of 
identification task is widely recognized as we have to deal with uncertain structures and massive parameters. 
"Blind search" based methods would not work and only heuristics enable an efficient modelling. 

Consider the TS model (1), For a given set of m input data 
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we need to choose a set of fuzzy rules, appropriate input variables in the promise part and output linear 
functions in the consequent part such that the following performance index is satisfied: 

'f(y(l)- Ji'l 
PI= t=l < t: (7) 

m 

where y(l) is the output of the fuzzy model, y' the given output value, and & ;?: 0 the given tolerance error. 
Note that other performance induces can be used as well. 

An optimal fuzzy model can be measured using the performance index (7) as well as other factors such as the 
number of fuzzy rules and number of input variables. A more complete criterion would be to minimize 

(8) 

where N,,NP,N1 are the estimated numbers of rules, premise input variables and variables in the 
consequent function. An appropriate performance index in this regard would be the Akaike information 
criterion (AIC) [12] which is usually used to measure efficiency of an analytic model but can be used in our 
quest as well. 

2.2 Evolutionary Programming 

The evolutionary programming approach is an optimization approach that incorporates evolution mechanism. 
A canonical EP in function optimization is stated as follows [11]: 

1. Randomly generate the initial population of m individuals, each of which is taken as a pair of real valued 
vectors (x;, 77;), i = 1, .. ·,m . 

2. Evaluate the fitness score for each individual based on an objective function. 
3. Generateforeachparent (X;.T/J,i=1, .. ·,m anoffspring (x;,.,;) by: for j=1, ... ,n 

X; I (j) = X; (j) + T/; (j)N {0,1), 

17 , '(j) = 17, (j) exp( r' N(0,1) + rN j (0,1)) 
(10) 
(11) 

where x'; (j), X; (j), T/; '(j) and T/; ()), j = 1, · · ·, n denote the j-th component of vectors 
x'; , X;, T/;' and T/;, j = 1, .. ·, n . 

4. Calculate the fitness of each offspring (x;,T/;),i = l,···,m. 
5. Conduct pairwise comparison over the union of parents (x;, 77;) and offspring (x;, 77;) 
6. Select the m individuals out of parents (x;. 77;) and offspring (x;, 77;) that have the most winning scores 

to be parents of the next generation. 
7. Stop if the halting criterion is satisfied; otherwise go to step 3. 

In [11 ], a Cauchy random variable 8(0,1) replaces the normal random variable N(O, I) that has shown 
improvement of convergence. This paper adopts this setting in EP implementation. 

3 Fuzzy System Modelling 

Common steps in constructing a fuzzy system are to identify the number of fuzzy rules, determine the 
number of input variables and optimize the parameters of fuzzy membership functions for the fuzzy rules in 
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both premise and consequent parts. Most commonly used approaches are based on the clustering concept; 
and the number of data clusters determines the number of fuzzy rules. This requires that the data is well-
distributed and also extensive computation for clustering process. In this paper, we visit the fuzzy modelling 
problem from an evolution viewpoint. We treat the number of fuzzy rules, number of input variables and the 
parameters for fuzzy membership functions as variables for optimization. We propose a two phase EP based 
fuzzy modelling scheme. Phase I deals with parameter optimization for fuzzy membership functions for a 
given structure. Phase li deals with the structure identification, i.e. the numbers of fuzzy rules, variables in 
the premise and consequent parts. These two phases interact each other. In the following, we will first 
explain each phase, and then present the modelling scheme. 

3.1 Phase 1: Parameters Identification 

For a given structure, i.e. given N,, NP, Ne, a TS model is represented as 

k . . 
y = 'IB'(x)y'(x) 

i=:l 

(12) 

where k is the number of rule, xj,j = 1· ·· n the input variables. The parameters involved in (12) are those 
for fuzzy sets membership functions in the premise part and linear functions in the consequent part. The 
fitness function for fuzzy system (12) is the performance index (7) and the task is to minimize it. 

It is known that EP based algorithms are usually slow for randomly chosen initial conditions. To overcome 
this problem, we now propose an estimation algorithm based on an unsupervised leaning principle to obtain a 
good population initialization for EP. Two tasks are involved in this algorithm. First, adjust the fuzzy sets to 
give a right coverage of data. Second, from the given data, generate a good estimation of the linear function 
consequent parts for fuzzy rules. This will give EP a good starting initial population. 

For convenience of discussion, denote the distance between the centre of i-th rule a; =(a;,·· ·,a:,) and the/-

th given data x' = (x;, ... ,x;,) as 

(13) 

and the difference between the coordinates of the centre and the /-th given data 

i i i I ;I 1'1 I ;I 1'1 I ;I 1'1 0 = ( 01 ,- • ·, 0,) = ( a 1 - X 1 ,- • ·, a, - X, ) = (l - X (14) 

The difference between the tangents of projection of the linear consequent parts as well as the given data onto 
each input variable is denoted as 

(15) 

I y' where 8; = tan( 1 ) , x: is i-th input variable of the /-th data set and y' is the /-th estimated output of the 
X; 

-I 

fuzzy system, and "0;' = tan( L) where y1 is the given /-th data. 
X; 

The estimation of EP initialization is done via an algorithm based on the well-known "winner-takes-all" 
learning rule [13]. The algorithm is presented as follows: 

For /-th pair of data (x;, ... x;,,y1
) E D and for each individual of population randomly generated: 
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• Compute the distance between the data and centres of fuzzy sets in each rule using (13 ). 
• Determine the 'winner' rule by choosing the smallest value among these computed distances, i.e. 

Rule i R; wins where i = sup( d~> · · ·, d m) 
i 

• Calculate the adjustments according to (14) and ( 15). 
• Modify the parameters of the 'winner' rule by 

a~(l) = a~(/-1) + r a,s; 
fJ! (/) = p;;(l-1) + r P,s; 
a~(l) = a~(/-1) + yjij , j = 1, ... ,n 

b; (/) = b; (/-1) + yb/111+1 

where y a, y P' Ya• Yb are the prespecified adjustment parameters. 

(16) 

253 

It can been seen here that learning fuzzy sets is to cover the data presented, and generate the knowledge about 
local linear functions for any TS model with a given structure. 

3.3 Phase 11: Structure Identification 

Section 3.2 presents an algorithm that would generate a best solution for the given structure. This given 
structure can be tuned as well using EP. In this section, we present an algorithm for the TS model structure 
identification using EP. 

For structure identification, we formulate the form for each individual for EP optimization, which consists of 
three parts, namely, 

(17) 

where N, < N,, NP < NP, Ne < Ne with N,, NP, Ne being the allowable upper bounds of the number of 
rules, the number of input variables in premise part and the number of variables in the consequent part. 
N, and N 

1 
vary according to the Gaussian distribution (but satisfy the constraints). 

The fitness function is chosen as 

A!C(p) = ]ogCT2 (B)+ 2P 
N 

p=N,+Ne 
B= N, +Ne 

(18) 

(19) 
(20) 

where AIC is the Akaike's information criterion [14], N is the number of the given data sets and CT
2 the 

estimated variance. 

The entire modelling scheme is presented as follows: 

1. Randomly initialize N,, NP , Ne (N, < N, , NP < NP, Ne< Ne) as well as the parameters for Phase I 
and Phase IL Set the tolerance error & in the halting criterion. 

2. For each individual of population in Phase II, derive a new population for Phase I. 
3. Apply EP in Phase I to optimize the parameters. 
4. Evaluate the fitness of each individual of population in Phase II based on the criterion ( 18). 
5. Generate single offspring for Phase f from parents. 
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6. Evaluate the fitness of each offspring of population in Phase I. 
7. Assign each individual of population in Phase I and its offspring a score by comparing over the union of 

parents and offspring. 
8. Select a certain number of individuals out of parents and offspring that have the best score for the next 

generation. 
9. Stop if the halting criterion is satisfied. Otherwise, increase the current iteration value and go to step 3. 

4 Simulation Studies 

Two simulation studies are presented in this section to show how the EP based modelling approach is used in 
modelling nonlinear functions . 

Examples 1: Consider a non linear function with two input variables and a single output variable defined as 

(21) 

where 0 :::; x 1, x2 :::; 3.0 . This function is difficult to model because of its non linearity (see Figure I). 

We randomly sampled a set of 100 input-output pairs. To illustrate the effectiveness of the proposed 
modelling method for the TS model identification, we also added three dummy inputs with the same range 
size as x 1 , x 2 • The parameters for both levels of EP were set as: for Phase I. iteration number is I 00 with 
population size 25; for Phase Il, iteration number is 500 with population size 50. 

The following TS model was obtained: 

where 

R I 'f . A 1 d . A 1 
: I x 1 IS I an x 2 IS 2 

then Y = 32.4x1 - 22.4x2 -32.69 

R
2 'f . A 2 d . A 2 

: I x 1 IS I an x 2 IS 2 

then Y=28.35x1 +1.13x 2 +3.5 

R I 'f . A3 d I . A3 : I x 1 IS I an x2 IS 2 

then Y = 14,5x1 - 2,78x2 -28.76 

(22) 

The identified model is depicted in Figure 2. The value of the performance index was 0.139 which was less 
than the given e = 0.2 . 

We can see that the modeling scheme gives a satisfactory result in which dummy inputs are eliminated. It is 
interesting to note that we did not give any specific halting criterion and we forced the process to stop at 
iteration 10 for phase I due to the computational intensity, and the achieved TS model is still satisfactory. 
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Fig. 1 The output of nonlinear function (21). 
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Fig. 2 The output of fuzzy system (22). 

Example 2: To test the proposed method for complex problems, we selected a nonlinear function with 10 
input variables and single output variable as following 

9 8 
f(x) = Lxixi+l + LX;Xi+l +x1x9 +x1x 10 +x2x 10 +x1x5 +x4 x 7 , 

i=l i=l 
O.O::S:x; :5:5.0, i=1, ···,10. 

We set the parameters of EP: 50 individuals with 100 iteration for Phase I, and 100 individuals with 1000 
iteration for Phase 11. The identified TS fuzzy system is in the form of 

R ; If . Ai . A; Th ; ; ; b; 1 2 3 : x 1 1s 1 ···x10 IS 10 eny = a1x 1+··+a10 + , i=,,. 

where a~, 13~, a~ are the parameters of fuzzy sets and linear functions whose values are given in Tables 1, 2, 
I 2 3 3, and (b ,b ,b ) = (1467.39,-72954,-148.80). 

I J3I 1 
a.) J aJ 

0.43 4.74 3.74 
2.34 4.73 3.44 
2.72 4.00 0.11 
4.51 5.00 4.73 
5.00 5.00 0.74 
2.71 0.00 5.00 
0.01 0.00 1.03 
1.73 1.23 5.00 
0.87 4.74 4.99 
0.17 1.14 2.89 

Table 1. Fuzzy model parameters for Rule I. 

Australian Journal of Intelligent Information Processing Systems Spring/Summer 1997 



256 

a 2 
.I f3] a2 

.I 

2.67 0.24 1.37 
0.36 4.12 4.31 
0.52 2.63 4.61 
1.13 0.05 4.95 
2.55 4.45 1.09 
1.77 2.14 0.876 
0.13 0.88 4.95 
0.26 3.72 4.57 
5.00 4.08 4.69 
1.14 3.82 4.73 

Table 2 Fuzzy system parameters for Rule 2. 

aJ 
.I 

j33 
.I 

aJ 
.I 

676.98 -719.58 12.08 
1499.67 88.4.73 9.52 
-361.64 -513 .36 10.74 
1457.06 -1376.71 12.90 

-1082.07 752.11 12.84 
-546.59 1495.52 10 .66 
-1201.65 -187.53 13.35 
1181.71 -1112.35 10.52 
-567.31 939.18 10.99 
-687.43 -748.09 10.85 
1467.39 -729.54 -148.80 

Table 3 Fuzzy system parameters for Rule 3. 

We randomly sampled two sets of I 00 data to test the identified TS fuzzy system. The outputs of the fuzzy 
system are depicted in Figures 3 and 4 where the solid line stands for the actual nonlinear function output and 
the dotted line represents the output of the fuzzy system. 

300 ~----~----~----~----~----~ 

OL-----~----~------~----~----_J 
0 20 40 60 80 100 

Fig. 3 The output of the fuzzy system with E = 0.6. 

400~----~----~----~----~----~ 

300 

O L-----~----~------~----~----~ 
0 w ~ ~ 00 100 

Fig. 4 The output of the fuzzy system with E = 0.8. 
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We can see that the fuzzy system approximates the nonlinear system quite well, and the result is acceptable. 
Note if we give more iterations of EP, further improvement would be expected. 

5. Conclusion 

In this paper, a fuzzy modelling scheme based on the EP principle has been presented for the TS model 
identification. This scheme consists of two phases. The first phase is the parameter identification for a given 
structure. The second phase is the structure identification. EP is operated separately on both phases to enable 
learning of structures and parameters. An estimation algorithm has been presented based on the "winner-
takes-all" learning principle that searches a proper EP initial population which enhances significantly the EP 
convergence towards solutions. Simulations have shown that this modelling scheme is effective and efficient 
especially in the real time sense. 
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Abstract-- The genetic algorithm (GA) is a search algorithm that models the genetics of real life. 
Using genetic operators on a population of problem specific solutions, the GA simulates Darwin's natural 
selection and 'evolves' better and better solutions over a finite series of generations. Navigating a 3-
dimensional rough terrain is a difficult problem that has not been solved satisfactorily. This paper presents 
a GA-based program OTTO, an Optimal Terrain Traversing Organism, that can find a near-optimal path 
in any given 3-dimensional terrain automatically, where the optimality is defined by the smoothness and 
length of the path. OTTO accepts an area of rough terrain and uses a steady-state GA. New crossover and 
mutation operators have been proposed to generate feasible paths. OTTO was experimentally tested on a 
set of 3-D terrains of increasing complexity. The results were compared against a human control group. 
The results showed that OTTO is much more robust than human beings and is capable of finding a near 
optimal path comparable to those found by human beings in terms of quality, but using less time, especially 
for complex maps with many hills and valleys. 

1 Introduction 

The process of natural selection [1] is responsible for the most extraordinarily complex systems known, 
living organisms. Living organisms have survived millions of years and prospered in ever changing and 
frequently hostile environments. It is this incredibly successful process of evolution . that the genetic algorithm 
(GA) simulates. The GA is a problem-solving algorithm that uses genetic operators such as crossover and 
mutation to 'evolve' better and better solutions to a given problem [2-20]. This paper addresses the problem of 
solving 3-dimensional terrain traversal by GA. The terrain traversal problem involves finding the smoothest and 
shortest path over rough terrain. This problem exhibits features that suggest a GA is well suited. The complexity 
of the problem negates the use of simple search techniques like exhaustive search, as the solution space is too 
large for a reasonable computation time. It also negates the use of any hill-climbing algorithms that are often 
stuck in a poor local optimum. 

This paper investigates whether the GA can provide a robust, near-optimal and time-efficient solution to 
the 3-D terrain traversal problem. A search algorithm displays robustness if it consistently provides good 
solutions irrespective of the differences in terrain. These concepts were tested by experimentation. A program 
called OTTO, an Optimal Terrain Traversing Organism, was developed to facilitate our experiments. OTIO 
receives an array of numbers representing the terrain to be traversed and finds a near-optimal path between two 
points in the terrain. A function is provided by OTIO which enables the user to adjust the importance of 
smoothness and length via changing a weighting factor. Hence OTIO is quite flexible in dealing with different 
definitions of optimality. • 

The terrain traversal problem can be regarded as a 3-D variant of the path-planning problem. The path-
planning problem involves autonomously navigating a simulated or real robot from one point to another through 
an environment with object hazards. While terrain traversal still involves the navigation from one point to 
another, the difference is that the area is a 3-D terrain as opposed to a 2-D plane. For ease of modeling the 
following scheme will represent an area of terrain and the corresponding heights. On the common map format in 
figure 2, each grid square is assigned its average height. It is then visualized as a descretized block terrain in 
figure 1. The accuracy of this method is inversely proportional to the size of the squares. 

Fig. 1: The visualisation aid. Fig. 2: common map and the descretized map. 
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The problem of finding a route over such an area of terrain can occur in many different forms. These 
range from significant real-world problems such as planning the lay of roads and railways to navigating across 
the surface of Mars. Some military uses could be autonomous scout vehicles, cruise missile flight path 
optimization and submarine thermal layer navigation. Two of OTTO's features allow it to be easily integrated 
into real-world situations. Firstly, OTTO can accept any map that can be reduced to an array of numbers and 
secondly, the ability for the cost/fitness function to be adapted. 

Several studies into the path-planning problem have been examined that use both conventional search 
techniques [21-24] and the GA [25-27]. It was demonstrated in these studies that the GA was a powerful tool in 
this type of optimization problem. However, there have been relatively few published papers on terrain traversal 
[28-31]. None of these studies addressed terrain traversal as it is defined in our study. They did not investigate 
any evolutionary approaches either. Some studies considered path feasibility only, ignoring path optimality (30, 
31]. This paper proposes a new GA based approach to 3-D terrain traversal. Experimental studies have been 
carried out to demonstrate the robustness and effectiveness of the proposed approach. 

The rest of this paper is organised as follows. Section 2 describes the OTTO system, including the 
system architecture, chromosome representation, genetic operators, constraint handling, population initialisation, 
and other GA features. Section 3 explains the experimental design and presents the results of this experiment. 
Finally, Section 4 analyses and summarises the results of this paper before the concluding remarks are made. 

2 The Optimal Terrain Traversal Organism (OTTO) 

OTTO is a computer program that finds a near-optimal path across 3-D terrains using a GA. The 
program is written in 'C' and features a graphical user interface, implemented with Motif, that allows various 
inputs. The inputs consist of GA parameters that enable the user to control the GA and a map filename that 
allows the input of any terrain text file. Once run, OTTO outputs the solution graphically and prints out the 
solution cost. OTTO's graphical interface consists of six main Motif widgets. The first screen that faces the user 
upon execution is the options screen. The purpose of this screen is to provide OTTO with the ability to receive 
user input. This screen includes default values so a novice user can run the program easily. The initial options 
screen and a final output solution on a randomly generated map are pictured in figures 3 and 4. below: 

Fig. 3: The options screen. Fig. 4: A final solution on a randomly generated map. 

2.1 Cost Function 

The cost function used by OTTO' s GA consists of two terms, one for measuring the distance and the 
other for smoothness. It can be described as: 

,. 
Cost = 

end 
1: 
start 

[a+ ((1 -a) x abs(hl- h2))] 
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where a is a weighting factor for balancing the importance between distance and smoothness, abs(hl - h2) 
represents the height difference between the next and current position (square). The summation goes from the 
first square of the solution to the last one. When a is 1, the cost only depends on the number of horizontal moves 
(i.e., distance). OTIO will try to find the shortest path in this case. When a is 0, OTTO will try to find the 
smoothest path regardless of distance. In the rest of this paper, we will use a value of 0.5 that places even 
weights on both horizontal and vertical movement. However, to equal the true cost value, the resulting cost must 
be multiplied by 2 because the moves have 0.5 times their actual value. The ability for OTTO to utilize this a 
value make it very flexible for different situations. 

2.2 Chromosomal Representation 

OTIO's population of solutions is simply a group of paths from start to finish, each with a cost, or 
fitness. Each solution translates to a single chromosome, or individual in that population. A gene represents a 
single coordinate point in an individual solution. OTIO uses a 'phenotypic' gene structure, meaning the genes 
relate directly to the problem without the added complications of a decoding function. If a solution is simply a 
list of points (or genes) from start to finish with a cost, the chromosome must emulate this. Hence the 
chromosome is implemented by a record structure with a cost, or fitness value, and the start and end of a solution 
represented by the head and tail of the linked list of genes. Without loss of generality, the first gene, or head, will 
always be point (0,0) and the last, or tail, will be the right bottom corner or goal point. 

2.3 Genetic Algorithm 

The GA used by OTIO, shown in figure 5, is steady-state and features elitism. Distinguishing features 
of this implementation are new genetic operators and the method of generating the initial population. 

Initialize Population 
G=O 
Elite= Pop[O] 

While (G < MAX_GEN) 
{ 

Save Elite (Best) 

Select (mother) 
Select (father) 

Crossover (mother, father) 
Mutate (mother') 
Mutate (father') 

Insert both into Population 
(From where they were selected) 

Copy Elite over Worst 
G++ 

2.4 Initializing Population 

Fig. 5: OTIO's GA. 

To generate one full solution, individual square to square moves are generated until the goal is reached. 
That is, only feasible paths are generated. For each move a probability is assigned according to a function of the 
cost of each choice. It can be described as: 

where P; is the probability of making move i, /;is a function of the cost of the move, and n can be 1, 2 or 3. n is 
randomly generated and remains constant throughout the generation of one whole chromosome. Ann value of 2 
or 3 will make the probability of low cost moves much higher than they would be with a value of 1. This n value 
is used to generate chromosomes that can be seen as greedy while maintaining the population diversity. 
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One rule used in generating a chromosome is that a solution cannot cross over itself. This is to prevent 
the formation of loops in a solution. Every time the generate_move function assesses the possible moves it 
checks firstly if they are on the map and secondly if they are not already part of the solution. Needless to say, 
there is a complication with this method. The situation can arise that the solution may spiral into itself. This will 
happen if the solution hits an edge and randomly moves away from the goal. It then has nowhere to go. The 
remedy in this case is to declare the solution infeasible and start again. 

2.5 Crossover 

The crossover function used by OTIO performs a probability check on the value of crossover ratio 
(provided by the user) before checking if there is a mutual crossover point. If both checks are favourable it 
performs the crossover. If more than one possible crossover point exists one of them will be randomly chosen. 
Once the parents are crossed the two children are checked for loops, as the solution may not cross itself. If any 
are found they are removed. An example crossover is shown in figure 6. 

Figure 6: Example crossover parent and children. 

2.6 Mutation 

To mutate an individual, a point is chosen at random along the path. A mutation can only·occur at a 
point that represents a kink. Straight lines are not mutated because the possible mutations of the straight line are 
unlikely to improve the solution. A mutation consists of flipping the orientation of the kink and con catenating it 
if necessary. This method allows all areas on the map to be reached. Figure 7 shows three examples. Here the 
thick arrow indicates the chosen point. The point is tested to determine the nature of the surrounding points and 
if it is not a straight line it is mutated. The first is flipped, the second is ineligible and the third is flipped and 
concatenated: 
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Figure 7: The results of mutation. 
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2. 7 Experimental Design 

In order to evaluate OTIO's performance, a human control group was used to solve the same set of 
problems as those to be solved by OTTO. Since there were two parties involved, it was decided to ensure 
experimental equality, in effect each would design their own maps. Embracing this philosophy the experiment 
uses two sets of 5 maps. The first set was designed by a human and the second set by a random number 
generator. The human designed maps had structures and patterns. In order to accentuate this structure, slight 
shading was provided on these maps. The computer-generated maps were quite opposite. There was no structure, 
no patterns and no shading. Small 10 x 10 examples of these maps are shown in figures 8 and 9 below. 

s 0 0 0 1 1 2 3 2 1 

0 0 0 1 1 2 2 2 2 1 r--
0 1 1 1 2 2 1 1 1 1 

t--
0 0 1 3 3 3 1 1 0 0 
0 0 1 2 3 3 1 1 0 0 
0 0 1 2 2 2 1 1 0 0 
0 0 1 1 1 1 1 1 0 0 
0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 G 

Fig. 8: A structured example map. 

s 8 5 4 3 1 7 1 7 7 
5 5 2 8 4 7 5 8 2 3 
1 4 9 8 6 2 8 8 1 6 
0 2 5 2 5 0 7 1 6 8 
3 0 1 0 3 7 7 6 8 3 
1 6 8 2 5 2 1 1 9 5 
3 9 5 4 2 7 5 7 9 1 
6 2 2 5 2 1 4 8 9 0 
8 1 0 8 2 8 2 4 2 6 
4 4 3 3 3 1 6 3 2 G 

Fig. 9: An unstructured example map. 

This division produced a marked difference in map's complexity. Two complexity measures, inspired 
by Kauffman [32], have been used to analyze the maps used in this experiment. The first is a count of local peaks 
shown in figure 10. A local peak is defined as a point, or group of points at equal height, higher than all 
surrounding points. The second measure is the absolute roughness of each map. This equals the sum of all the 
height differences across all vertical columns and horizontal rows. This is displayed in figure 11 . 
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Fig. 10: Local peak counts. Fig. 11: Absolute Roughnesses. 
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The experiment consisted of three phases, the human phase and two different computer phases. Phase 1 
involved giving these 10 maps, with a short explanatory introduction, to 15 human subjects and having them 
produce a near-optimal solution for each. Since assessing time-efficiency is one of the goals of this paper, all 150 
solutions were individually timed. Phases 2 and 3 involved OTIO processing the same maps 15 times each 
phase totaling 300 individual runs. The two phases differed in the GA parameters used. Phase 2 used a 
population of 6 over 20 generations while phase 3 used 40 over 400. Running OITO 15 times for each map for 
each phase was to ensure the solutions found by OITO could be statistically compared to the humans' solutions. 
These figures were chosen to highlight the effects of larger populations and extended periods of evolution on the 
performance of the GA..Both phases used figures of 0.5 for crossover ratios and 0.2 for mutation ratio. These 
values were chosen after preliminary testing of OITO and may not be the optimid setup. 

3 ExperimentalResults 

This section presents the results of the experiment described previously. Prior to this OTIO is 
examined in order to .validate OITO's results. The experimental · results .are then presented and explained. 
Finally, these results are arialyzed and discussed in relation to the aims of the experiment. 

3.1 Evolutionary Process 

. This section demonstrates the performance of OITO by examining its evolutionary process. This is 
achieved by measuring of the improvement of the solutions over the number of generations. This shows the 
effectiveness of the GAand its genetic operators. -To do this, 20 example solutions were taken, 10 using phase 2 
parameters and 10 using phase 3 parameters. OTTO performed 46 fitness evaluations during phase 2 and 840 
during phase 3. The results of this are shown in figures 12 and 13, which demonstrate clearly the effectiveness of 
the genetic operators early in the evolution and what one would expect from an algorithm based on evolutionary 
process: the longer it is ~llowed to run the better the solutions become. 
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Fig. 12: Typical OITO phase 2 evolutionary processes. Fig. 13: Typical OITO phase 3 evolutionary processes. 

It is clear that maps 6-10 experienced significantly higher improvement rates than maps 1-5. This shows 
that the use of the n value in population initialisation has had the desired effect of creating good solutions while 
maintaining population diversity. When the map is simple, the initial population might contain some very good 
solutions already. Continued search might not improve the solutions very much. When the map is complex, the 
GA is able to further improve the initial solutions significantly. 

3.2 Human and OTTO Results 

Shown in figures 14 and 15 below are the complete results of the three phase experiment. These results 
are averages over the 15 individual humans and GA runs for each map. 

A number of characteristics are discernable from the experimental results . The humans performed very 
well in finding near-optimal, and even some globally optimal solutions. However, the human downfall was a 
lack of time-efficiency when tackling the unstructured maps 6-10. OITO, on the contrary, found slightly less 
optimal solutions faster. 

The difference between OITO's phase 2 and 3 cost ranges shows that for maps 6-10 an increase in 
generations and population size greatly affected the solutions found. This indicates the effectiveness of GA in 
dealing with unstructured random maps with many hills and valleys. Furthermore, OITO in phase 3 on maps 6-
10 achieved more consistent and robust results than humans in much less time. It is this absence of the dramatic 
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time increase at maps 6-10 that is displayed by the humans that is OITO's most attractive feature. To further 
qualify OITO's phase 3 comparative results on maps 6-10, at-test [33,34] was conducted that demonstrated the 
results to be statistically significant at a= 0.05. 

350 .--- - - - --- - - ----;-----, 

300 t----:::_:_:_-=-::::..__-,--------;::-------1 

'iiii 200 t----::-~:--::-:----::1111 
0 u 150 t-____:: ____ +H 

50 

2 3 4 6 7 B 9 10 
Map 

Fig. 14: The average costs per map. 

3.3 OTTO's Scalability 
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Fig. 15: The average time per map. 

Scalability is an important issue in almost all practical systems. This section presents some preliminary 
results on OTIO's scalability, i.e., on OTTO's performance with respect to the size of the problem, in the case 
of the terrain traversal problem, the size of the map. The maps used in the previous experime'nt were all 30 x 30. 
OTTO's performance on different sized maps was examined by generating 7 maps of different sizes. Ranging 
from 10 x 10 to 40 x 40. All the maps were unstructured and randomly generated. OTTO processed these maps 5 
times each with the setting used in phases 2 and 3. The average times of these runs are shown below in figure 16. 
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Fig. 16: OTIO's scaled performance. 

The fact that phase 2 experiences the growth much later and less dramatically than phase 3 confirms 
that GA is better at finding satisfactory solutions fast than it is at finding the exact global optimum. The results 
also show that OTTO would be rather computational expensive if a map is large and the quality of the solution is 
required to be very high. A possible improvement of the OTT system is to apply it hierarchically to a map. That 
is, we can apply OITO to a map of coarse grids first, and then apply it to each individual square that is divided 
into finer grids. 

4 Conclusions 

This paper has addressed the problem of 3-dimensional terrain traversal by GA. Previously there have 
been several studies involving terrain traversal. However, none have solved the problem as it is defined in this 
study, nor have they utilized the advantages of the GA. This paper proposes a new GA-based approach to the 3-
D terrain traversal problem. New genetic operators and a population initialisation method have been proposed 
and tested through experimental studies. A software system, OTIO, has been developed. From experimentation 
the following conclusions can be drawn. Firstly, OTIO could find near optimal solutions comparable to those 
found by the humans but is much more robust and uses much less time. Secondly, OTIO produced consistently 
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faster solutions than the humans over a small number of generations and over a large number of generations still 
produced faster solutions than the humans on the unstructured maps. Thirdly, the humans produced consistently 
better solutions than O'ITO for simple maps but on unstructured maps OTIO could produce comparable results 
while displaying much higher consistency. These conclusions show the GA is a suitable algorithm for solving 
the terrain traversal problem automatically. While O'ITO's implementation of a GA might not find the exact 
global optimum, it does prove beneficial in tackling large unstructured maps, producing satisfactory solutions 
efficiently and consistently. 

Future work of this study includes optimizing OTIO's parameters for time-efficient fine-tuning, 
examining the application of a hybrid algorithm to this problem and examining the effects of changes to a on 
OTIO' s performance. 
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